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Abstract. We prove the Sato- Tate conjecture for Hilbert modular forms. 
More precisely, we prove the natural generalisation of the Sato- Tate conjecture 
for regular algebraic cuspidal automorphic representations of GL2(Aj?), F a 
totally real field, which are not of CM type. The argument is based on the 
potential automorphy techniques developed by Taylor et. al. , but makes use of 
automorphy lifting theorems over ramified fields, together with a "topological" 
argument with local deformation rings. In particular, we give a new proof 
of the conjecture for modular forms, which does not make use of potential 
automorphy theorems for non-ordinary n-dimensional Galois representations. 
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1. Introduction 

1.1. In this paper we prove the Sato- Tate conjecture for Hilbert modular forms. 
More precisely, we prove the natural generalisation of the Sato- Tate conjecture for 
regular algebraic cuspidal automorphic representations of GI^A^), F a totally 
real field, which are not of CM type. 

Several special cases of this result were proved in the last few years. The papers 
HSBT10 and |Tay08| prove the result for elliptic curves over totally real fields 
which have potentially multiplicative reduction at some place, and it is straightfor- 
ward to extend this result to the case of cuspidal automorphic representations of 
weight (i.e. those corresponding to Hilbert modular forms of parallel weight 2) 
which are a twist of the Steinberg representation at some finite place. The case of 
modular forms (over Q) of weight 3 whose corresponding automorphic representa- 
tions are a twist of the Steinberg representation at some finite place was treated in 
|Gee09] , via an argument that depends on the existence of infinitely many ordinary 
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places. The case of modular forms (again over Q) was proved in |BLGHT09j (with 
no assumption on the existence of a Steinberg place). The main new features of 
the arguments of [BLGHT09] were the use of an idea of Harris f |Har07| ) to ensure 
that potential automorphy need only be proved in weight 0, together with a new 
potential automorphy theorem for n-dimensional Galois representations which are 
symmetric powers of those attached to non-ordinary modular forms. Recent devel- 
opments in the theory of the trace formula remove the need for an assumption of 
the existence of a Steinberg place in both this theorem and in the case of elliptic 
curves over totally real fields. 

In summary, the Sato- Tate conjecture has been proved for modular forms and 
for elliptic curves over totally real fields, but is not known in any non-trivial case for 
Hilbert modular forms not of parallel weight 2 over any field other than Q. It seems 
to be hard to extend the arguments of either [Gee09j or [BLGHT09] to the general 
case; in the former case one has no way of establishing the existence of infinitely 
many ordinary places (although it is conjectured that the set of such places should 
be of density one), and in the latter case one has no control over the mixture of 
ordinary and supersingular places over any rational prime. In this paper, we adopt 
a new approach: we combine the approach of |Gee09] . which is based on taking 
congruences to representations of GL^Aj?) of weight 0, with the twisting argument 
of |Har07j (or rather the version of this argument used in [BLGHT09 ]). These 
techniques do not in themselves suffice to prove the result, as one has to prove a 
automorphy lifting theorem for non-ordinary representations over a ramified base 
field. No such theorems are known for representations of dimension greater than 
two. The chief innovation of this paper is a new technique for proving such results. 

Our new automorphy lifting theorem uses the usual Taylor- Wiles-Kisin patching 
techniques, but rather than identifying an entire deformation ring with a Hecke 
algebra, we prove that certain global Galois representations, whose restrictions 
to decomposition groups lie on certain components of the local lifting rings, are 
automorphic. That this is the "natural" output of the Taylor- Wiles-Kisin method 
is at least implicit in the work of Kisin, cf. section 2.3 of IKis07j . One has to 
be somewhat careful in making this precise, because it is necessary to use fixed 
lattices in the global Galois representations one considers, and to work with lifting 
rings rather than deformation rings. In particular, it is not clear that the set of 
irreducible components of a local lifting ring containing a particular O^-valued 
point, K a finite extension of Qz, is determined by the equivalence class of the 
corresponding ^-representation. This necessitates a good deal of care to work with 
Oif-liftings throughout the paper. 

Effectively (modulo the remarks about lattices in the previous paragraph) the 
automorphy lifting theorem that we prove tells us that if we are given two congru- 
ent n-dimensional Z-adic regular crystalline essentially self dual representations of 
Gf (the absolute Galois group of a totally real field F) with the same Z-adic Hodge 
types, with "the same ramification properties", and satisfying a standard assump- 
tion on the size of the mod I image, then if one of them is automorphic, so is the 
other. By "the same ramification properties", we mean that they are ramified at 
the same set of places, and that the points determined by the two representations 
on the corresponding local lifting rings lie on the same components. For example, 
we require that the two representations have unipotent ramification at exactly the 
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same set of places; we do not know how to adapt Taylor's techniques for avoiding 
Ihara's lemma ( Tay08 ) to this more general setting. 

The local deformation rings for places not dividing I are reasonably well- understood, 
so that it is possible to verify that this condition holds at such places in concrete 
examples. On the other hand, the components of the crystalline deformation rings 
of fixed weight are not at all understood if I ramifies in F, unless n = 2 and the 
representations are Barsotti-Tate, when there are at most two components, cor- 
responding to ordinary and non-ordinary representations. This might appear to 
prevent us from being able to apply our theorem to any representations at all. We 
get around this problem by making use of the few cases where the components are 
known. Specifically, we use the cases where n — 2 and either the representations 
are Barsotti-Tate; or F is unramified in I, and the representations are crystalline 
of low weight. To explain how we are able to bootstrap from these two cases, we 
now explain the main argument. 

We begin with a regular algebraic cuspidal representation tt of GI^Air), as- 
sumed not to be of CM type. By a standard analytic argument, it suffices to prove 
that for each n > 1 the (n — l)-st symmetric power of tt is potentially automor- 
phic, in the sense that there is a finite Galois extension F" JF of totally real fields 
and an automorphic representation 7r„ of GL„(Af«) whose L- function is equal to 
that of the base change to F" of the (n — l)-st symmetric power L-function of tt. 
Equivalently, if we fix a prime I, then it suffices to prove that the (n — l)-st sym- 
metric power of an Z-adic Galois representation corresponding to tt is potentially 
automorphic, i.e. that its restriction to Gf" is automorphic. This is what we prove. 

We choose / to be large and to split completely in F, and such that tt v is unram- 
ified at all places v of F lying over /. We begin by making a preliminary solvable 
base change to a totally real field F 1 /F, such that the base change ttf> of tt to F' 
is either unramified or an unramified twist of the Steinberg representation at each 
finite place of F'. We then choose an automorphic representation tt' of GL^Af/) 
of weight which is congruent to tt, which for any place v \ I is unramified (re- 
spectively an unramified twist of the Steinberg representation) if and only if tt is, 
and which is a principal series representation (possibly ramified) or a supercuspidal 
representation for all v\l. Furthermore we choose tt' so that for places v\l, tt v is 
ordinary if and only if tt' v is ordinary. 

We now prove that the (n — l)-st symmetric power of tt 1 is potentially automor- 
phic over some finite Galois extension F" of F. This is straightforward, although 
it is not quite in the literature. This is the only place that we need to make use of 
a potential automorphy theorem for an n-dimensional Galois representation, and 
the theorems of |HSBT10] (or rather the versions of them which are now available 
thanks to improvements in our knowledge of the trace formula, which remove the 
need for discrete series hypotheses) would suffice, but for the convenience of the 
reader we use a theorem from BLGHT09 (which, for instance, already include 
the improvements made possible by our enhanced understanding of the trace for- 
mula) instead. This also allows us to avoid having to make an argument with 
Rankin-Selberg convolutions as in [1ISH I'll) . We note that the theorem we use 
from [BLGHT09 is for ordinary representations, rather than the far more technical 
result for supersingular representations that is also proved in T3LGHT09 . 



4 



THOMAS BARNET-LAMB, TOBY GEE, AND DAVID GERAGHTY 



We now wish to deduce the potential automorphy of the (n — l)-st symmetric 
power of 7r, or rather the automorphy of the corresponding ^-adic Galois representa- 
tion r : Gf" — >• GL„(Q Z ), from the automorphy of the i-adic Galois representation 
r' : Gpn — > GL„(Q;) corresponding to the (n— l)-st symmetric power of 7r'. We can- 
not directly apply our automorphy lifting theorem, because the Hodge- Tate weights 
of r' and r are different. Instead, we employ an argument of Harris ( HarOf]), and 
tensor both r and r' with representations obtained by the automorphic induction of 
algebraic characters of a certain CM field. The choice of the field and the characters 
is somewhat delicate, in order to preserve various technical assumptions for the au- 
tomorphy lifting theorem, in particular the assumption of big residual image. The 
two characters are chosen so that the resulting Galois representations r" and r'" 
are potentially crystalline with the same Hodge- Tate weights. The representation 
r'" is automorphic, by standard results on automorphic induction. We then apply 
our automorphy lifting theorem to deduce the automorphy of r" . The automorphy 
of r then follows by an argument as in [Har07] (although we employ a version of 
this which is very similar to that used in ;BLGBT09| ). 

In order to apply our automorphy lifting theorem, we need to check the local 
hypotheses. At places not dividing I, these essentially follow from the construc- 
tion of 7r', together with a path-connectedness argument, and a check (using the 
Ramanujan conjecture) that a certain point on a local lifting ring is smooth. At 
the places dividing I the argument is rather more involved. At the places where 
7r is ordinary the hypothesis can be verified (after a suitable base change) using 
the results of |Ger09j . At the non-ordinary places we proceed more indirectly. For 
each non-ordinary v\l we choose two local 2-dimensional Z-adic representations p 
and pf of Gf v which are induced from characters of quadratic extensions. The 
representations p and p' are chosen to be congruent to the local Galois represen- 
tations attached to ir, ir' respectively, with p crystalline of the same Hodge- Tate 
weights as the local representation attached to n, and p' non-ordinary and poten- 
tially Barsotti-Tate. Then p is on the same component of the local crystalline lifting 
ring as the local representation attached to n, and a similar statement is true for 
p' and 7r' after a base change to make it crystalline (using the knowledge of the 
components of Barsotti-Tate lifting rings mentioned above). Since the image of 
an irreducible component under a continuous map is irreducible, a straightforward 
argument shows that we need only check that the Galois representations corre- 
sponding to the [n — l)-st symmetric powers of p and p', when tensored with the 
Galois representations obtained from the characters induced from the CM field, lie 
on a common component of a crystalline deformation ring (possibly after a base 
change) . We ensure this by choosing our characters so that the two Galois represen- 
tations are both direct sums of unramified twists of the same crystalline characters, 
and making a path-connectedness argument. 

We should note that we have suppressed some technical details in the above 
outline of our argument; we need to take considerable care to ensure that the 
hypotheses relating to residual Galois representations having big image are satisfied. 
In addition, as mentioned above, rather than working with Galois representations 
valued in fields it is essential to work with fixed lattices throughout. We remark 
that in the forthcoming paper BLG GT10] we remove the need to consider lattices, 
and generalise the arguments of this paper to prove potential automorphy theorems 
for a broad class of Galois representations. 
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We now outline the structure of the paper. In section [2] we recall some basic 
notation and definitions from previous papers on automorphy lifting theorems. The 
automorphy lifting theorem is proved in section [31 together with some results on 
the behaviour of local lifting rings under conjugation and functorialities. The most 
technical section of the paper is section [4j where we construct the characters of 
CM fields that we need in the main argument. In section [5] we recall various 
standard results on base change and automorphic induction, and give an exposition 
of Harris's trick in the level of generality we require. In section [5] we prove a 
potential automorphy theorem in weight 0; the precise result we require is not in 
the literature, and while it is presumably clear to the experts how to prove it, we 
provide the details. Finally, in section[7]we carry out the strategy described above, 
and deduce the Sato- Tate conjecture. 

We would like to thank Richard Taylor for some helpful discussions related to 
the content of this paper. We would also like to thank Florian Herzig and Sug Woo 
Shin for their helpful comments on an earlier draft. 

2. Notation 

If M is a held, we let Gm denote its absolute Galois group. We write all matrix 
transposes on the left; so 1 A is the transpose of A. Let e denote the ^-adic or mod 
I cyclotomic character. If M is a finite extension of Q p for some p, we write Im for 
the inertia subgroup of Gm- If i? is a local ring we write for the maximal ideal 
of R. ' 

We fix an algebraic closure Q of Q, and regard all algebraic extensions of Q as 
subficlds of Q. For each prime p we fix an algebraic closure Q of Q p , and we fix 
an embedding Q c — >■ Q p . In this way, if v is a finite place of a number field F, we 
have a homomorphism Gp v <—} Gf- 

We will use some of the notation and definitions of CHT08 without comment. 
In particular, we will use the notions of RACSDC (regular, algebraic, conjugate 
self-dual, cuspidal) and RAESDC (regular, algebraic, essentially self-dual, cuspidal) 
automorphic representations, for which see sections 4.2 and 4.3 of |CHT08j . We will 
also use the notion of a RAECSDC (regular, algebraic, essentially conjugate self- 
dual, cuspidal) automorphic representation, for which see section 1 of BLGHT09J . 
If 7r is a RAESDC automorphic representation of GL„(Ai?), F a totally real field, 
and l : Q z C, then we let r;. t (7r) : Gf — > GL n (Q ; ) denote the corresponding 
Galois representation. Similarly, if 7r is a RAECSDC or RACSDC automorphic 
representation of GL„,(Af), F a CM field (in this paper, all CM fields are totally 
imaginary), and l : Q ; —> C, then we let f;, t (7r) : Gf — > GL„(Q ; ) denote the 
corresponding Galois representation. For the properties of r; jt (7r), see Theorems 1.1 
and 1.2 of BLGHT09 . If K is a finite extension of Q p for some p, we will let recK be 
the local Langlands correspondence of |HT01] , so that if 7r is an irreducible complex 
admissible representation of GL n (K), then recx (t) is a Weil-Deligne representation 
of the Weil group Wk- If K is an archimedean local field, we write recif for the 
local Langlands correspondence of |Lan89] . We will write rec for recK when the 
choice of K is clear. 

3. An automorphy lifting theorem 

3.1. The group Q n . Let n be a positive integer, and let Q n be the group scheme 
over Z which is the semidirect product of GL„ x GLi by the group {1, j}, which 
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acts on GL„ x GLi by 

There is a homomorphism v : Q n — > GLi sending (g, /i) to /i and j to — 1. Write g° 
for the trace zero subspace of the Lie algebra of GL„, regarded as a Lie subalgebra 
of the Lie algebra of Q n . 

Suppose that F is an imaginary CM field with totally real subfield F + . If R is a 
ring and r : Gp+ — > Q n [R) is a homomorphism with r _1 (GL„(i?) x GLi(iJ)) = Gp, 
we will make a slight abuse of notation and write r\c F (respectively r\a P for w 
a place of F) to mean r|c F (respectively r\a F ) composed with the projection 
GL n (R) x GLi(i?) — > GL n (R). 

3.2. Z-adic automorphic forms on unitary groups. Let F + denote a totally 
real number held and n a positive integer. Let F / F + be a totally imaginary qua- 
dratic extension of F + and let c denote the non-trivial element of Gal(F/F + ). 
Suppose that the extension F/ F + is unramified at all finite places. Assume that 
n[F + : Q] is divisible by 4. Under this assumption, we can find a reductive algebraic 
group G over F + with the following properties: 

• G is an outer form of GL„ with G/p = GL n / F ; 

• for every finite place v of F + , G is quasi-split at v; 

• for every infinite place v of F + , G(F+) = C/„(R). 

We can and do fix a model for G over the ring of integers Op+ of F + as in section 
2.1 of [Ger09| . For each place v of F + which splits as ww c in F there is a natural 
isomorphism 

>>w '■ G(F V ) — > GL n (F w ) 
which restricts to an isomorphism between G(O f +) and GL n (Op w ). If v is a place 
of F + split over F and u; is a place of F dividing v, then we let 

• lw(w) denote the subgroup of GL n (Op m ) consisting of matrices which re- 
duce to an upper triangular matrix modulo w; 

• Uq(w) denote the subgroup of GL n (Op w ) consisting of matrices whose last 
row is congruent to (0, . . . , 0, *) modulo w; 

• Ui(w) denote the subgroup of Uq(w) consisting of matrices whose last row 
is congruent to (0, . . . , 0, 1) modulo w. 

Let I > n be a prime number with the property that every place of F + dividing I 
splits in F. Let Si denote the set of places of F + dividing I. Let K be an algebraic 
extension of Qj in Q z such that every embedding F <^-> Q ; has image contained in 
K. Let O denote the ring of integers in K and k the residue field. Let Si denote 
the set of places of F + dividing I and for each v g Si, let v be a place of F over v. 

Let W be an O-module with an action of G(Op+j). Let V C G(A F D + ) be a 
compact open subgroup with vi € G(Op+ ;) for all u € V, where denotes the 
projection of v to G(F ; + ). We let S(V, W) denote the space of /-adic automorphic 
forms on G of weight W and level V, that is, the space of functions 

/ :G(F + )\G(Ap° + )^W 

with f(gv) = v^ 1 f(g) for all v £ V. 

Let // denote the set of embeddings F ^ K giving rise to one of the places 
v. Let {Z\Y l denote the set of A e (Z") /! with A T ,i > A T , 2 > ... > A T ,„ for all 
embeddings re/;. To each A € (Z" ) /! we associate a finite free O-module M\ with 



SATO-TATE 



7 



a continuous action of G(O f + {) as in Definition 2.2.3 of |Ger09j . The representation 
M\ is the tensor product over r G I\ of the irreducible algebraic representations of 
GL„ of highest weights given by the A T . We write S\(V,0) instead of S(V,M\) 
and similarly for any O-module A, we write S\(V, A) for S(V, M\ <S>o A). 

Assume from now on that if is a finite extension of Qi . Let [ denote the product 
of all places in Si . Let R and S a denote finite sets of finite places of F + disjoint 
from each other and from Si and consisting only of places which split in F. Assume 
that each v € S a is unramified over a rational prime p with [-F(Cp) ■ F] > n. Let 
T = Si LJ R ]J S a - For each v € T fix a place v of F dividing v, extending the choice 
of v for v € Si. Let t/ = Yl v Uv be a compact open subgroup of G(A^? + ) such that 

• U v = G{O f + )ifv^ RUSa splits in F; 

• U v = i- 1 kcr(GL n (0 Fs ) -> GL n (fc(v))) if w G S a ; 

• K„ is a hyperspecial maximal compact subgroup of G(F+) if v is inert in 
F. 

(At this stage we impose no restrictions on U v for places v £ R.) We note that 
if S a is non-empty then U is sufficiently small (which means that its projection 
to G(F+) for some place v € F + contains no finite order elements other than the 
identity). 

For any O-algebra A, the space S\(U,A) is acted upon by the Hecke operators 



GLjO,.,. ( W f j ln °_.)^l„iCV.. 



for w a place of F, split over F + and not lying over T, j = 1, . . . ,n and w w 
a uniformizer in Fm . We let 1%(U,A) be the A-subalgebra of ~End A {S\(U 1 A)) 
generated by these operators and the operators (7^ 

To any maximal ideal m of Tj^(U, O) one can associate a continuous representa- 
tion 

f m : G F -> GL„(Tj(£/,0)/m) 
characterised by the following properties: 
m f c = f v e 1_n - 

(2) f m is unramified outside T. If k ^ T is a place of F + which splits as 
ww c in F and Frob^, is the geometric Frobenius element of G Fm I If w , then 
r m (Frobu,) has characteristic polynomial 

x n + ... + {-\y {Nwy^- l ^ 2 T^ x n ~ j + ... + (-i)"!*)"'"- 1 )/ 2 ^'. 



The maximal ideal m is said to be non-Eisenstein if r m is absolutely irreducible. 
In this case, r m can be extended to a homomorphism f m : Gp+ — » ^ n (T^({7, 0)/m) 
(in the sense that f m | GF = (f^e 1 "")) withr- 1 ((GL„ x GLi)(T^(J7, C)/m)) = G F . 
Also, any such extension has a continuous lifting 

r m :G F+ -^g n (Tl(U,0) m ) 

with the following properties: 

(0) r-\(GL n x GLiJCTj^O^)) = G F . 

(1) vor m = e 1_n <^y F+ where 6 F / F + is the non-trivial character of Gal(F/F + ) 
and /i m € Z/2Z. 
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(2) r m is unramified outside T. If v £ T is a place of F + which splits as 
ww c in F and Frob lu is the geometric Frobenius element of Gf^/If^, then 
r m (Frobuj) has characteristic polynomial 

X" + ... + (-l)J(Nw)^- 1 '/ 2 T^X n -J + . . . + (-l)"!*)"'"- 1 )/ 2 ^. 

(3) If v S Si, and £ : T^(U,0) — >• Qj is a homomorphism of O-algebras, then 
C ° r m\G F ~ is crystalline of Z-adic Hodge type va c (in the sense of Definition 
ETO below). 

3.3. Local deformation rings. Let I be a prime number and K be a finite exten- 
sion of Q; with residue field fc and ring of integers O, and write mo for the maximal 
ideal of O. Let Cq be the category of complete local Noetherian O-algebras with 
residue field isomorphic to k via the structural homomorphism. As in section 3 of 
BLGHT09 , we consider an object R of Cq to be geometrically integral if for all 
finite extensions K'/K, the algebra R®o Ok 1 is an integral domain. 

Let M be a finite extension of Q p for some prime p possibly equal to I and let 
~p : Gm — > GL„ (k) be a continuous homomorphism. Then the functor from Co to 
Sets which takes A € Co to the set of continuous liftings p : Gm — > GL n (A) of 
p is represented by a complete local Noetherian O-algebra R=. We call this ring 
the universal O-lifting ring of p. We write p D : Gm — >• GL„(i?5) for the universal 
lifting. 

The following definitions will prove to be useful later. 

Definition 3.3.1. Suppose p : Gm —> GL2(C) is a representation. We can think 
of this as putting a GM-action on the vector space K 2 (—V, say), in a way that 
stabilizes the lattice generated by the standard basis {eo,ei}, where eo = (1,0), 
e% = (0, 1). Considering Sym™ -1 p as a quotient of V^™ -1 ), we have an ordered 
basis {go, . . . , g n -i} of Sym" -1 V, where gi is the image of e®'™ -1- ^ (8) ef '. We call 
this the O-basis of Sym" -1 V inherited from our original basis in p. 

Definition 3.3.2. Suppose p : Gm ~> GL n (0),p' : Gm — > GL n i(0) are represen- 
tations, which we think of as putting GM-actions on the vector spaces V p = K n , 
V' = K n in a way that stabilizes the lattices generated by the standard bases of 
each. In this situation we have an ordered O-basis on V p (g>e> V' p given by the vectors 
ej ® fk, ordered lexicographically, where the are the standard O-basis in V p and 
the fk are the standard basis in V' p . We call this the O-basis of p ®o p' inherited 
from our original bases. 

3.3.1. Local deformations (p — I case). Suppose that p = I. In this section we will 
define an equivalence relation on crystalline lifts of p. For this, we need to consider 
certain quotients of RS. Assume that K contains the image of every embedding 
M ^ K. 

Definition 3.3.3. Let (zn)Hom(M,Jf) denote the subset of (Z»)Hom(M,if) cons i st i ng 
of elements A which satisfy 

A T ,1 ^ A Tj 2 > ■ ■ • > A T , n 

for every embedding r. 

Let A be an element of (Z™ ) Hom ( M ^). We associate to A an Z-adic Hodge type 
va in the sense of section 2.6 of |Kis08j as follows. Let Dk denote the vector space 
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K n . Let Dk.m = Dk <8>q, M. For each embedding r : M K, we let -Dif, r = 
Dk,m ®k®m,i®t K so that Dk,m — ®tDk,t- For each r choose a decreasing 
filtration FiP Dk.t of -Dk.t so that dim^ gr* Z?if , r = unless i = (j — 1) + AT-.n-j+i 
for some j = 1, . . . , n in which case dim^ gr z Dk.t = 1- Wc define a decreasing 
filtration of Dk,m by K (g)Q, M-submodules by setting 

Fil' Dk : M = ©r Fil* Djf.r- 

Let v A = {Dk, Fil* Dk,m}- 

We now recall some results of Kisin. Let A be an element of (Z™ )Hom(M,K) and 
let v A be the associated Z-adic Hodge type. 

Definition 3.3.4. If i? is a finite if-algebra and Vb is a free B-module of rank 
n with a continuous action of Gm that makes Vb into a de Rham representation, 
then we say that Vb is ofl-adic Hodge type v\ if for each i there is an isomorphism 
of B <g>Q ; M-modules 

gr*(V B ® Qi B dR ) Gf -^{gi l D K . M ) ®k B. 

Corollary 2.7.7 of [Kis08 implies that there is a unique Z-torsion free quotient 
R^ x,cr of i?5 with the property that for any finite if-algebra B, a homomor- 
phism of O-algebras ( : i?5 — > B factors through Rl x ' cr if and only if ( o p a 
is crystalline of Z-adic Hodge type v\. Moreover, Theorem 3.3.8 of Kis0 8| implies 
that Speci?^ A ' cr [l/Z] is formally smooth over K and equidimensional of dimension 
n 2 + \n(n - 1)[M : Q;]. 

By Lemma 3.3.3 of |Ger09] there is a quotient Rp X ' cr of R^ x ' cr corresponding 
to a union of irreducible components such that for any finite extension E of K, a 
homomorphism of O-algebras £ : R^ x ' cr — > -E factors through R^ x ' cr if and only if 
£ o p 1 - 1 is crystalline and ordinary of weight A. 

We now introduce an equivalence relation on continuous representations Gm — > 
GL„(0) lifting p. 

Definition 3.3.5. Suppose that pi, P2 ■ Gm —> GL„(0) are two continuous lifts of 
p. Then we say that p\ ~ pi if the following hold. 

(f ) There is a A € (Z™ )tt° m ( M > K ) such that p\ and pi both correspond to points 

of R^ x ' cr (that is, p\ ®o K and pi ®o K are both crystalline of Z-adic Hodge 

type v\). 

(2) For every minimal prime ideal p of R^ x ' cr , the quotient R^ x ' cr /p is geo- 
metrically integral. 

(3) p\ and pi give rise to closed points on a common irreducible component of 
Speci^' cr [l/Z]. 

In (3) above, note that the irreducible component is uniquely determined by 
either of pi, pi because Spec R^ x ' cr [l/l] is formally smooth. Note also that we can 
always ensure that (2) holds by replacing O with the ring of integers in a finite 
extension of K. 

Suppose that p\ ~ p2 as above and let M'/M be a finite extension. Assume 
that K contains the image of every embedding M' K . Then we claim that 
P\\g m i ~ Pi\g m ,- Indeed, let A be such that p\ and pi have Z-adic Hodge type v\. 
Define A' € (z« )Hom(M',^) by A ^ = A ^ for all T . M > ^ K Then res triction 

to Gm 1 gives rise to an O-algebra homomorphism B3 — > BZ x ' cr which factors 
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through i?^' cr (using the fact that R^ X ' C7 is reduced and Z-torsion free). The 
result now follows from the formal smoothness of Speci?I A '' cr [l/Z], which implies 
that the image of any irreducible component of Spec-R^ A ' cr [l/Z] is contained in a 
unique irreducible component of Speci?^ A '' cr [l/Z]. 

P|G M' 

In a similar vein, it follows that if n = 2 and p\ ~ p2, then Sym k ^ 1 p\ ~ 
Sym fc_1 p2 for all k > 1, where we take the O-basis on the Sym fc_1 pi inherited 
from the bases we have on the pi, in the sense of Dcfinition l3.3.1l [The same is true 
if n > 2, with an appropriate modification of Definition 13.3.11 ] 

We will make one final variation on this theme. Suppose p' : Gm — > GL m (0) is 
crystalline of Z-adic Hodge type va' for some m and some A' <E ^m^Hom{M,K) ^ and 
pi ~ p2 are as above. (Note n need no longer be 2.) Then p\®op' ~ P2®ap't where 
we take as O-basis on the p^ (80 p' the inherited bases in the sense of Definition 
I3A21 

Lemma 3.3.6. Let p : Gm — > GL„(fc) be a continuous homomorphism. Suppose 
Pi,P2 '■ Gm ~ > GL n (0) are two lifts of~p with p\ ~ P2. //C denotes the ring of 
integers in a finite extension of K with residue field k' , then p\ ~ P2, regarded as 
lifts ofp® k k'to GL n (0'). 

Proof. Let A e ^n ^Hom(M,K) be such tliat pi and p2 have ;_ adic jj odge type Va> 
Let R = R^ x ' cr and i?' = R(E>o O' . We need to show that p\ and p^ give rise 
to closed points of Speci?'[l/Z] lying on a common component. Note that if C 
is an irreducible component of SpecR'[l/Z], then the image of C in Speci?[l/Z] 
is an irreducible component. Indeed, the image of C in Speci?[l/Z] is irreducible 
and closed (as R — > R' is finite). If x' is a closed point of Speci?'[l/Z] lying in 
C with image x in Spec R[l/l], then the completed local rings of Speci?'[l/Z] and 
Speci2[l/Z] at x' and x respectively are isomorphic. We deduce that the image of 
C has the same dimension as C and hence is an irreducible component. 

Now, let xi and Xi denote the closed points of SpecR[l/Z] corresponding to p\ 
and P2 and let C denote the irreducible component of Speci?[l/Z] containing x\ and 
X2- Then we claim that the preimage of C in Speci?'[l/Z] is irreducible. Indeed, 
suppose there are two distinct irreducible components C and C" of Speci?'[l/Z] 
mapping to C. Then there are points x' x and x'{ of C and C" respectively mapping 
to x\. However, the preimage of x\ in Speci?'[l/Z] consists of a single point (let 
m denote the maximal ideal of R[l/l] corresponding to X\. Then the fibre over 
x 1 is given by the spectrum of (i?[l/Z]/m) ® G O' = K ® a O' = K' .) Thus x[ = 
x'l lies in the intersection of C and C", contradicting the formal smoothness of 
Speci?'[l/Z]. □ 

3.3.2. Local deformations (p ^ I case). Suppose now that p ^ I. By Theorem 2.1.6 
of [GeelOj . SpecR^[l/l] is equidimensional of dimension n 2 . 

Definition 3.3.7. Let pi,p2 '■ Gm —> GL„(0) be two lifts of p. We say that 
pi ~-^o p2 if the following hold. 

(1) For each minimal prime ideal p of R a , the quotient R D /p is geometrically 
irreducible. 

(2) pi corresponds to a closed point of Speci?5[l/Z] which is contained in a 
unique irreducible component and this irreducible component also contains 
the closed point corresponding to p2- 
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We remark that, we can always replace O by the ring of integers in a finite 
extension of K so that condition (1) above holds. Also, condition (1) ensures that 
if pi ~->e> p2 and if O 1 is the ring of integers in a finite extension of K then p\ -+*o' p 2 - 

3.4. Properties of ~^<p and ~. 

Lemma 3.4.1. ~ is an equivalence relation. 

Proof. This follows immediately from the definitions. □ 

Lemma 3.4.2. Let M be a finite extension o/Q p for some prime p. Let ~p : Gm — > 
GL„(/c) be a continuous homomorphism. If p ^ I, let R — RS. If p = I, assume 
that K contains the image of each embedding M <-» Q; and let R = R^ x ' cr for 
some A € (Z™ ) Hom ( M >^0 _ £, e i Q' denote the ring of integers in a finite extension of 
K. Let p and p' be two lifts of~p to O' giving rise to closed points of Spec 
Suppose that after conjugation by an element of ker(GL„(0') — > GL n (0'/mo')) 
they differ by an unramified twist. Then an irreducible component of Spec R[l/ 1] 
contains p if and only if it contains p' . 

Proof. The universal unramified O-lifting ring of the trivial character Gm — > fc x is 
given by 0[[Y]] where the universal lift x° sends FrobM to 1 + Y. Let R[[Y, X]] = 
: 1 < i,j < n]]. Let p n denote the universal lift of p to R. Consider 
the lift (1„ + (X ii ))p D (l n + (Xij))- 1 ®x° of p to R[[Y,2Q}. This lift gives rise 
to a homomorphism RS — > R{\Y, X]] which factors through R. Let a denote the 
resulting O-algebra homomorphism R — > R[[Y,X]]. Let i : R — > R[[Y,X]] be the 
standard i?-algebra structure on i?[[Y",X]]. 

The minimal prime ideals of R[[Y, X]] and R are in natural bijection (if p is 
a minimal prime of R then t(p) generates a minimal prime of R[[Y, X]]). Let 
p be a minimal prime of R. We claim that the kernel of the map /3 : R —> 
R[[Y,2Q]/ l '{p) = (-R/p)[[^>Aj] induced by a is p. Indeed, the i?-algebra homo- 
morphism (with considered as an i?-algebra via t) 7 : R[[Y, X]] —> R 
which sends Y and each X^j to is a section to the map /3. The composition 

R — > (R/p)[[Y,2Q] — > R/p is thus the natural reduction map. In particular its 
kernel is p. Since ker(/3) C ker(7 o 0) = p and p is minimal, we deduce ker(/3) = p. 
The lemma follows. □ 

Lemma 3.4.3. Let M be a finite extension ofQi. Let~p : Gm — > GL„(fc) be the 
trivial representation, and let p and p' : Gm — >• GL n (C) be two crystalline lifts of 
~p of l-adic Hodge type v\ which are GL n (C)- conjugate. Then p ~ p' . 

Proof. Take g € GL„(C) with p> = gpg~ l . Let A = 0{X tJ1 Y)/{Y dct(X y ) - 1) 
where 0(Xij,Y) is the mo-adic completion of 0[Xij,Y]. Let pa ■ Gm — > GL n (A) 
be given by XpX -1 , where X is the matrix (Xij). By Lemma 3.3.1 of jGer09j . 
there is a continuous homomorphism RS — > A such that pA is the push-forward 
of the universal lifting p D : Gm — > GL n (R3). Now, for any Q r point of A, the 
corresponding specialisation of pa is a Q r conjugate of p, and is thus crystalline of 
Z-adic Hodge type v>, so corresponds to a Q r point of it^ A,cr . Since the Q r points 
of A are dense in Spec A, we conclude that the homomorphism RS — > A factors 
through Rl x ' cr . 

Now, Spec A is irreducible, and the points x and 2/ of Speci?^ A ' cr corresponding 
to p and p' respectively are in the image of the map Spec A — > Spec R^ x,cr , because 
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they correspond to specialising the matrix X to the matrices l n and g respectively. 
The result follows. □ 

Corollary 3.4.4. Let M be a finite extension of Qj. Let ~p : Gm — > GL„(/c) be 
the trivial representation, and let p, p' : Gm — > GL„(0) be two crystalline lifts of~p 
which are both GL„(0)- conjugate to direct sums of unramified twists of a common 
set of crystalline characters. Then p ~ p' . 

Proof. After applying Lemma 13.4.31 we may assume that 

9 = ©r=iP* 

and 

p' = ©"=iP; 

where p\ and pi are crystalline characters Gm — > O x which differ by an unramified 
twist for each i and reduce to the trivial character modulo mo. It suffices to check 
that the corresponding points x and x' of R^ x ' cr are path-connected. 

As in the proof of Lemma 13.4.21 the universal unramified O-lifting ring of the 
trivial character Gm — > k x is given by O [[Y]] with the universal lifting x° sending 
FrobM to 1 + Y. Taking n copies of this character, we obtain a lifting 

©Lip* ® x? 

of p to C[[Yi, . . . , Y n ]], and thus a continuous map Spec0[[Fi, . . . , Y n \] — > Spec R^ x ' cr 
Both x and x' are in the image of this map, so the result follows. □ 

The following is Lemma 3.4.3 of |Ger09j (recall that the ring R^ x ' cr is defined 
below Definition 13.3.41 and is universal for crystalline ordinary lifts of weight A). 

Lemma 3.4.5. Suppose M is a finite extension of Q; and ~p : Gm — > GL„(fc) is 
the trivial representation. If the ring R^ x ' cr is non-zero, then it is irreducible. 

Lemma 3.4.6. Let M be a finite extension of Q p for some prime p and let ~p : 
Gm — ► GL n (fe) be a continuous homomorphism. Let pi,p2 ■ Gm — ► GL„(C) be 
two lifts of~p. If p 7^ I, suppose that p\ p2 and p2 p\. (Equivalently, 

assume that for each minimal prime p of BP the quotient BP/p is geometrically 
irreducible, and p\, pi each correspond to closed points contained in a common 
irreducible component of Spec PiP;{l/l], and neither point is contained in any other 
irreducible component.) If p = I, assume that p\ ~ p2- Let XI1X2 ■ Gm C x 
be continuous characters with Xi = X2 an d Xi\Im = X2\i M - Suppose in addition 
that if p — I then \i an d X2 o,re crystalline. Then X1P1 X2P2 if P ^ I and 
X1P1 ~ X2P2 ifp = I. 

Proof. We treat the case p ^ I, the other case being similar. Let x — Xi =X2- 
Then the operation of twisting by xi defines an isomorphism of the lifting problems 
of p and xp. It therefore defines an isomorphism i?J=^ -^P RS. It follows that 
X1P1 ~^>o X1P2 and that X1P2 gives rise to a closed point of Speci?^[l/Z] lying 
on a unique irreducible component. Since xi an d X2 differ by a residually trivial 
unramified twist, an easy argument shows that this component also contains X2P2 
(c.f. the proof of Corollary 13. 4. 4p . It follows that X1P1 ~^*o X2P2- O 
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3.5. Global deformation rings. Let F/F + be a totally imaginary quadratic ex- 
tension of a totally real field F + . Let c denote the non-trivial element of Gal(T/T + ). 
Let k denote a finite field of characteristic I and K a finite extension of Qj , inside 
our fixed algebraic closure Q;, with ring of integers O and residue field k. Assume 
that K contains the image of every embedding F c -s- Q z and that the prime I is 
odd. Assume that every place in F + dividing I splits in F. Let S denote a finite 
set of finite places of F + which split in F, and assume that S contains every place 
dividing I. Let Si denote the set of places of F + lying over I. Let F(S) denote 
the maximal extension of F unramified away from S. Let Gp+^s — Gal(F(S)/ F + ) 
and Gf,s — Gal(F(S) / F). For each v € S choose a place v of F lying over v and 
let S denote the set of v for v g S. For each place u|co of F + we let c v denote a 
choice of a complex conjugation at v in Gp+ g. For each place w of F we have a 
G^g-conjugacy class of homomorphisms Gf w — > Gf,s- For » £ S we fix a choice 
of homomorphism Gp_ — > Gf,s- 
Fix a continuous homomorphism 

f : G F+iS -> £„(fc) 

such that Gjr.s = f _1 (GL„(fc)xGLi(fc)) and fix a continuous character x ■ G F +^$ ~^ 
O x such that v o f = X- Assume that r\G F ,s ^ s absolutely irreducible. As in 
Definition 1.2.1 of |CHT08j . we define 

• a lifting of f to an object A of Co to be a continuous homomorphism 
r : Gp+ 5 — > ^/„(v4) lifting f and with o r = x\ 

• two liftings r, r' of f to yl to be equivalent if they are conjugate by an 
element of ker(GL„(A) -> GL„(fc)); 

• a deformation of f to an object A of Co to be an equivalence class of liftings. 

Similarly, if T c S, we define 

• a T-framed lifting of f to A to be a tuple (r, {o^Idst) where r is a lifting 
of f and a„ G ker(GL„(A) GL„(fc)) for ueT; 

• two T-framed liftings (r,{a„}„ 6 r), (?*', {«!,}ngr) to be equivalent if there 
is an element /? € kcr(GL n (A) — > GL„(fe)) with r' = firfi^ 1 and a' v = (3a v 
for ueT; 

• a T-framed deformation of f to be an equivalence class of T-framed liftings. 
For each place v € S, let RS denote the universal O-lifting ring of f|G F _ an d 

let Ry denote a quotient of RS which satisfies the following property: 

(*) let A be an object of Co and let £, £' : fl^j G A be homomorphisms 

corresponding to two lifts r and r' of r\c F - which are conjugate by an 
element of ker(GL„(A) — > GL„(fc)). Then ( factors through Ry if and only 
if C' does. 
We consider the deformation problem 

S = (F/F+,S, S,0,f, x ,{Rv}ves) 

(see sections 2.2 and 2.3 of |CHT08] for this terminology). We say that a lifting r : 
Gf+ s ~^ Qn {A) is of type S if for each place neS, the homomorphism R5 — > A 

corresponding to r\c F „ factors through Ry. We also define deformations of type S 
in the same way. 
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Let Defs be the functor Co — > Sets which sends an algebra A to the set of 
deformations of f to A of type S. Similarly, if T C S, let Defg T be the functor 
Co — > Sets which sends an algebra A to the set of T-framed liftings of r to A which 
are of type S. By Proposition 2.2.9 of |CHT08j these functors are represented by 
objects i?™ lv and Rg T respectively of Co. 

Lemma 3.5.1. Let M be a finite extension o/Q p for some prime p. Let p : Gm 
GL n (fc) be a continuous homomorphism. If p ^ I, let R be the maximal l-torsion 
free quotient of R= . If p = I, assume that K contains the image of each embedding 
M ^ Q ; and let R = Rl x ' cr for some A € (Z«)Hom(M,if)_ Then R satis fi es pr0 perty 
(*) above. 

Proof. This can be proved in exactly the same way as Lemma 13.4.21 □ 
3.6. Automorphy lifting. 
3.6.1. CM Fields. 

Theorem 3.6.1. Let F be an imaginary CM field with totally real subfield F + and 
let c be the non-trivial element of G&l(F/ F + ). Let n 6 Z>i and let I > n be a 
prime. Let K C Q ; denote a finite extension of with ring of integers O and 
residue field k. Assume that K contains the image of every embedding F > Q ; . 
Let 

p:G F ^GL n (0) 

be a continuous representation and let~p = p mod mo ■ Suppose that p enjoys the 
following properties: 

(1) p c ^ pV-™. 

(2) The reductionp is absolutely irreducible and~p(Gp(Q-)) C GL„(fc) is big (see 
Definition \4-. 1 . I\ ) . 

(3) (F) kcrad ' 5 does not contain Q. 

(4) There is a continuous representation p' : Gf — > GL n (C), a RACSDC au- 
tomorphic representation n of GL n (Ap) which is unramified above I and 
b '■ Qz — ► C such that 

(a) p' ®o Qi = ri lt (7r) : G F -> GL„(Q,). 

(b) -p = - P '. 

(c) For all places v j I of F , either 

• p\g f an d "ii are both unramified, or 

• p'\g Fv ^o p\g Fv ■ 

(d) For all places v\l, p\c Fv ~ p'\g f ■ 
Then p is automorphic. 

Proof. Choose a place v\ of F not dividing I such that 

• v\ is unramified over a rational prime p with [-F(Cp) '■ F] > n; 

• v\ does not split completely in F(Q); 

• p and 7r are unramified at vi; 

• adp(Frob Ul ) = 1. 

Extending O if necessary, choose an imaginary CM field L/F such that: 

• L/F is solvable; 

• L is linearly disjoint from _p ,kerr (q^ over p- 

• 4|[i + : F + ] where L + denotes the maximal totally real subfield of L; 
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• L/L + is unramified at all finite places; 

• Every prime of L dividing I is split over L + and every prime where p\a L or 
7Tl ramifies is split over L + (here ttl denotes the base change of it to L); 

• Every place of L over v\ or cv\ is split over L + . Moreover, v\ and cv\ split 
completely in L; 

• Every place v\l of F splits completely in L; 

• If v \ I is a place of -F and at least one of p|c F or -k v is ramified, then i> 
splits completely in L. 

Let G/o L+ De an algebraic group as in section [3721 (with F/F + replaced by 
L/L + ). By Theoreme 5.4 and Corollaire 5.3 of |Lab09| there exists an automorphic 
representation LT of G(A^+) such that ttl is a strong base change of II. Let Si 
denote the set of places of L + dividing I and let R denote the set of places of L + 
not dividing / and lying under a place of L where p or ir^ is ramified. Let S a denote 
the set of places of L + lying over the restriction of Vi to F + . Let T = 5; TJ i?TJ S a . 
For each place v £ T, choose a place v of L lying over it and let T denote the set 
of v for v £ T. Let U — Y[ v U v C G(A^° + ) be a compact open subgroup such that 

• U v = G(O l +) for v £ Si and for v $ T split in L; 

• U v is a hyperspecial maximal compact subgroup of G(L+) for each v inert 
in L; 

• U v is such that 11^ ^ {0} for v £ R; 

• U v = ker(G(O i +) G(k v )) for t> e 5 . 

Extend K if necessary so that it contains the image of every embedding L °-> Q ( . 
For each »eSi, let A^ be the element of (7L\ )Hom(L s ,if) with the property tnat p | G ^ 

and p'|gi,~ have /-adic Hodge type v> 5 . Let // denote the set of embeddings L <^-> K 

giving rise to one of the places v. Let A = (Xv)veSi regarded as an element of (Z™ ) /( 
in the evident way and let S\(U, O) be the space of /-adic automorphic forms on G of 
weight A introduced above. Let T^(J7, 0) be the O-subalgebra of Eiido(S\(U, O)) 
generated by the Hecke operators T«r, (ri,™'') -1 for w a place of L split over L + , not 
lying over T and j = 1, . . . , n. The eigenvalues of the operators Tw on the space 
(i _1 n 00 ) c/ give rise to a homomorphism of O-algebras T^(U,0) —> Q;. Extending 
i"T if necessary, we can and do assume that this homomorphism takes values in O. 
Let m denote the unique maximal ideal of T^(U,0) containing the kernel of this 
homomorphism . 

Let be the quadratic character of G^+ corresponding to L. By Lemma 

2.1.4 of CHTQ8] we can and do extend p and p' to homomorphisms r, r' : G^+ —> 
Q n {0) with r®k = r'®k : G L+ -> Q n (k), t\ Gl = (p| Gt , e 1 "™), r'| Gi = ( P '\g l , e 1 "") 
and i/or = vo/ = el ~ n< ^L/i+ f° r some A 4 € (Z/2Z). Let f — r ®k : G^+ — > Q n {k). 

For t> 6 i? U 5a , let -R^ G denote the maximal /-torsion free quotient of R^ G 

Note that R^ Gl is formally smooth over O for u e 5 a by Lemma 2.4.9 of |CHT08] 

so R^\„ = RS . Consider the deformation problem 



S:= [L/L+^T,?),?^ 1 
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By Lemma [3.5.11 the rings R v * v ' cr for v £ Si and R~\„ for v £ R satisfy the 

T I G L ~ v 

property (*) of section |3"31 Let i?™ lv be the object representing the corresponding 
deformation functor. Note that f\a L is GL n (fc)-conjugate to f m where f m is the 
representation associated to the maximal ideal m of Tj({7, O) in section |3"?2"1 After 
conjugating we can and do assume that f\a L = r m . Since m is non-Eisenstein, we 
have as above a continuous lift 

r m : G L+ ^g n {T T x {U,0) m ) 

of r. Properties (0)-(3) of r m and the fact that Tj^(U,0) m is ^-torsion free and 
reduced imply that r m is of type S. Hence r m gives rise to an O-algebra homomor- 
phism 

R u / iV -*Tj(U,0) m 

(which is surjective by property (2) of r m ). To prove the theorem it suffices to show 
that the homomorphism R^ nlv — > O corresponding to r factors through T^(U, 0) m . 
We define 

R loc ■= (^esXio^) § (®i>eflus ^ 0j . J 

where all completed tensor products are taken over O. Note that i? loc is equidimen- 
sional of dimension 1 + n 2 #T + [L+ : Q]n(n - l)/2 by Lemma 3.3 of [BLGHT09] . 

Sublemma. There are integers q,g £ Z>o with 

1 + q + n 2 #T = dim R loc + g 

and a module Moo for both Roo := R loc [[xi,. . . ,x g ]] and Soo := 0[[zi, . . . , z„2 #T , y x , . . . ,y q ]] 
such that: 

(1) Moo is finite and free over Soo. 

(2) M oo /(z i ,y j )^S x (U,0) m . 

(3) The action of Soo on Moo can be factored through an O-algebra homomor- 
phism Soo -> Roo- 

(4) There is a surjection Roo -» i?™ lv whose kernel contains all the Zi and yj 
which is compatible with the actions of i? 00 /(zj, yj) and R^ nlv on Moo/{zi, yj) = 
S x {U,0) m . Moreover, there is a lift r™ iv : G L+ -> G n {R^ niv ) of r repre- 
senting the universal deformation so that for each v £ T, the composite 
i?° G ^ -> i? loc Roo^ i?£ niv arises from the lift r™ iv | GL;; . 

Assuming the sublemma for now, let us finish the proof of the theorem. Since 
Roo is equidimensional of dimension dim R loc +g, it follows from (1) and (3) that the 
support of Moo in -Roo is a union of irreducible components. (Indeed by Lemma 2.3 
of |Tay 08 it is enough to check that the -depth of Moo is equal to dimfioo = 
dim . By (3) it is enough to check the same statement for the ms^ -depth, and 
this is immediate from (1)). The conjugacy class of r' determines a homomorphism 
C' : K£ niv -> O so that r' is ker(GL„(C) GL„(/c))-conjugate to (' o r£ niv . By 
the choice of L, for each v £ R, r'\a L _ lies on a unique irreducible component Cy of 

Speci?^j Gi [1/?]. By Lemma \'S. 4.21 C% is also the unique irreducible component of 

Speci?^j G containing £' o rg nlv \c L ^. For v\l, a similar argument shows that (' o 

rg nlv \c L ^ and r'\a L ^ lie on the same irreducible component Cy of Speci?p, Ai; ' cr [l//]. 
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The conjugacy class of r determines a homomorphism £ : i?™ lv — > O so that 
r is ker(GL„(C) -> GL„(fc))-conjugate to C ° ^ niv . By Lemma [3X21 the set of 

irreducible components of Speci? P | Gi [Vfl containing £o rg mv \G L , is equal to the 
set of components containing t\g l _- By the choice of L it follows that contains 
£ or umv| G ^ _ s i m ii ar argument, using part (d) of assumption (4) of the theorem, 
shows that Cy contains £ o r™ lv |G £ _ for v\l. 

By part 5 of Lemma 3.3 of [BLGHT09 the irreducible components Cy for v £ 
Si U R determine an irreducible component C r > of Spec Roo (as mentioned above, 
RS is formally smooth over O for v € S a ). Moreover, £' composed with the 

surjection Roo -» i?™ lv of part (4) of the sublemma gives rise to a closed point of 
Spec i?oo [1 /I] which is in the support of Moo and which lies in C r i but does not lie in 
any other irreducible component of Spec Roc . We deduce that C r i is in the support 
of Moo. Since the closed point of Spec Roo corresponding to C lies in C r < it is 
also in the support of Moo and we are done by assertion (4) of the sublemma. 

Proof of sublemma. We apply the Taylor- Wiles-Kisin patching method. Let 
q = [L+ : Q]n(n - l)/2 + [L+ : Q]n(l - (-l)^")/2. 

If (Q, Q, {^Idgq) is a triple where 

• Q is a finite set of places of L + disjoint from T and consisting of places 
which split in L; 

• Q consists of one place v of L over each place v € Q; 

• for each v € Q, f|Gi~ = ip%®~Sv where dim-0 5 = 1 and ife is not isomorphic 
to any subquotient of Sjr; 

then for each v € Q, let irf 1 denote the quotient of i?H corresponding to lifts 

r : Gl c — > GL n (A) which are ker(GL„(A) — )• GL„(/c))-conjugate to a lift of the 
form "0 s where ip lifts tp^ and s is an unramified lift of Sy. We then introduce 
the deformation problem 

Sq = fL/L+.TUQ.fu&O.f.e 1 -"^^ 

We define deformations (resp. T-framed deformations) of f of type 5q in the evident 
manner and let Rg™ (resp. R^) denote the universal deformation ring (resp. T- 
framed deformation ring) of type Sq. 

By Proposition 2.5.9 of [GHT08] we can and do choose an integer q > q and for 
each TV e Z>i a tuple (Qn, Qn, {ipv}v£Q N ) as above with the following additional 
properties: 

• #<3jv = q for all N] 

• Nv = 1 mod l N for v € Qn', 

• the ring can be topologically generated over R loc by 

q-q = q-[L+ : Q]n(n - l)/2 - [i+ : Q]n(l - (-l)"-™)/2 
elements. 

For each N >1, let fJi(Qiv) = EL Ux{Q N ) v and J7 (Qjv) = IL ^o(QAr) t , be the 
compact open subgroups of G(A^ + ) with Ui(Qiy) v = U v for u ^ Qjy, i = 0, 1 and 
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Ui{Qn)v = L% Ui(v) for v £ Qn, i = 0, 1. Note that we have natural maps 
Tf^C^Qw),©) -» T t x uQn (U (Qn),O) -» T t x uQn (U,G) ^ T T X (U,G). 

Thus m determines maximal ideals of the first three algebras in this sequence 
which we denote by vciq n for the first two and m for the third. Note also that 
t tuq n ^ = by the proof of Corollary 3.4.5 of |CHT08j . 

For each v £ Qn choose an element <fe £ Gl^ lifting geometric Frobenius 
and let zuy £ Ol^ be the uniformiscr with Arti^roj; = (ftv\ Ll b. Let Py(X) £ 
jTuQ N (jj^q^ j O) mQN [X] denote the characteristic polynomial of ^m Qjv (0s)- By 
Hensel's lemma, we can factor P$(X) = (X — A%)Q%(X) where Ay lifts fa(4>v) 
and Qv{Av) is a unit in T^ uQjv (Ui(Q N ), 0)m Qjv • For i = 0,1 and a £ L57 of 
non-negative valuation, consider the Hecke operator 



(["<<*) (V 



on S\(Ui(QN),0) mQN . Let Gq^ = Uq{Qn)/U\{Qn) and let A denote the max- 
imal /-power order quotient of Gq n . Let ag N denote the kernel of the augmentation 
map 0[A Qn ] -> C>. For i = 0, 1, let 

v£Qn 

and let Ti >Qjv denote the image of T^ ugjv (Ui(Q N ), O) in End (ff l , Qjv ). Let i? = 
S\(U,0) m . We claim that the following hold: 

(1) For each TV, the map 

II Qv(Y„ 9 ) : H -> H Q , Qtl 

v&Qn 

is an isomorphism. 

(2) For each N, Hi t Q N is free over 0[Aq n ] with 



Hi,Q N /a QN — > ff ( 



0,i 



(3) For each TV and each v £ Qn, there is a character with open kernel Vg : 
Li -> T* so that 

(a) for each a € of non-negative valuation, y a = V^r(a) on Hi q n \ 

(b) ( r mQ N ® '^'i,Qw)lwz,- — s © (K, o Art^.) with s unramified, lifting s„ 
and o Art£*) lifting fa. 

To see this, note that Lemmas 3.1.3 and 3.1.5 of |CHT08j imply that Py(V w ~) = 
on S\(Ui(Q N ),G) mQN . Property (1) now follows from Lemma 3.2.2 of |CHT08] to- 
gether with Lemma 3.1.5 of }CHT08j and the fact that T^ uQjv (U, Q) m = f£(U, 0) m . 
Property (3) follows exactly as in the proof of part 8 of Proposition 3.4.4 of 
[CHT08j . Note that H 1<Qn is a T^f/^Qjv), £>)m Qiv [G Qiv ]-direct summand of 
S\(Ui(QN),0) mQ ■ Moreover, it follows from the fact that U is sufficiently small 
(see Lemma 3.3.1 of |CHT08| ) that S x {U 1 (Q N ),0) mQN is finite free over 0[G Qn ] 
with Gq n -coinvariants isomorphic to S\(Uq(Qn), C)m Q via the trace map trc Q . 
It follows that Hi t Q N has Gq n -coinvariants isomorphic to Hq,q n via trc Q ■ Fi- 
nally, note that by (3) the action of a — {oty) v ^Q N £ Gq n on H\ q n is given by 
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rLeQ N ^( a «)- Since each is unramified, the action of Gq n on H\^q n must 
factor through Aq n and (2) follows. 

For each N, the lift r mQN ® Tlq^ of f is of type Sq n and gives rise to a 
surjection -R^ 1 ^ -» T^q^. Thinking of Aq n as the maximal Z-power quotient of 
riweQjv * ne determinant of any choice of universal deformation fg" v gives rise 
to a homomorphism Aq n — > (-Rsq^) x - We thus have homomorphisms C[Aq n ] — > 
^Sq^ ~+ ^Sq and natural isomorphisms i?s^/a Qiv ~ i?g niv and /a Qiv = 

Let 

r=0[[X t)iiij :veT,i,j = l,...,n}}. 

Choose a lift r™ IV : Gl+ — » Q n (Rs nlv ) representing the universal deformation. The 
tuple (r^ nlv , (1„ + ^,i,j)?;eT) gives rise to an isomorphism 

R^ T i?^ niv § T. 
For each N, choose a lift r^™ : G L + — > G n (Rs™ v ) representing the universal defor- 
mation with ^5™^ mod aQ N = r™ lv . This gives rise to an isomorphism R*Sq n — * 

i?5^ lv ®e>T which reduces modulo aQ N to the isomorphism i?^ T Rg nlv ®oT- 
We let 

^i D q n = #i,Q N ®h-|v 



Then H^q n is a finite free T[AQ N ]-module with H^q n /ciq n = H° T , compatible 
with the isomorphism R^ /ciq n = Rg T . 
Let g = q — qo and let 



= Z« 

= rttAoo]] 

and let a denote the kernel of the O-algebra homomorphism — > which sends 
each X Vi ij to and each element of Aoo to 1. Note that is a formally smooth 
over O of relative dimension q+n 2 #T. For each iV, choose a surjection A^ -» Aq n 
and let Cn denote the kernel of the corresponding homomorphism Soo -» T[Aq n ). 
For each N > 1, choose a surjection of i? loc -algebras 

R °° ~* R Sq n ■ 

We regard each R^ as an S^-algebra via 5^ -» T[Aq n ] — > i?^ . In particular, 

Choose a sequence of open ideals (bN)N>i of with 

• bw D bw+i 

• nivfaw = (o). 
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Let T = T\(U,0) m . Choose a sequence of open ideals (On)n>i of Rg nlv with the 
following properties: 

• b N R^ niv + ker(i?™ iv -» T) D d N D b N R^ niv 

• n N d N = (o). 

In the first bullet point acts on i?£ nlv via the quotient Soo/a = O. In what 
follows, we also consider Soo acting on T and H via the quotient Soo/a. 

For each N > 1, define a 'patching datum of level TV' to consist of a tuple 
((f>,M.,ij}) where 

• (f> is a surjective homomorphism of O-algebras 

• M. is a module over i? O o ( S>0>S'oo which is finite free over 5*oo/&v- 

• -0 is an isomorphism of O-modules 

i> : M/a H/b N 

compatible with the action of Roo onX/o, the action of Rg mv /$n on H/bN 

(via Rg mv /dN -» T/bjv) and the homomorphism 0. 
We consider two such patching data of level N ((j),M,ip) and (cj)',A4',il>') to be 
equivalent if <f> = <j>' and there is an isomorphism M. = M! of i? 00 ®c>5 00 -modulcs 
which is compatible with ip and tp' when reduced modulo a. Note that there are 
only finitely many patching data of level N up to equivalence. Note also that given 
N' > N > 1 and a patching datum of level N', we can obtain a patching datum of 
level N in an obvious fashion. 

For each M > N > 1, let D(M, N) be the patching datum of level N consisting 

of 

• the surjective homomorphism 

Roo - R^ m - R^ M /a = i?S niv - RT v /*n 

• the module H^Q M /bN which is finite free over Soo/bN and acted upon by 

• the isomorphism 

H°*J(a+b N )*H/b N 

which is compatible with the homomorphism R^ -» R^ -» Rg mv /$n- 

Since there are only finitely many patching data of each level N, we can and do 
choose a sequence of pairs of integers (Mj, iVj)j>i with M i+ i > Mj, A^ i+ i > TVj 
and Mi > Ni for all i such that D(Mj + i, Ni + \) reduced to level Ni is equivalent to 
D(Mi,Ni). In other words 

• for each i, the homomorphism 

: - flg^ - J2g Mj+i /a = R^ iv - R^/**^, 
when reduced modulo OjV; is equal to the homomorphism 
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• for each i, we can and do choose an isomorphism of i? co ®o<S'oo-modulcs 
Taking the inverse limit of the <pi gives rise to a surjection 

73 „, puniv 

Define 

i 

where the limit is taken with respect to the j^. Then H^ T is a module for Roo^o^oo 
which is finite free over Soo . Note that the image of Soo in Ends^ (H^ T ) is contained 
in the image of Roo (indeed, the image of Roo is closed and the corresponding 
statement is true for each H^q m /&jv 4 ). Since Soo is formally smooth over O, we 

can and do factor the action of Soo on H^ T through Roo (note that it suffices to 
define the factorisation on a set of topological generators of Soo over O). Note that 
we have 

compatible with the surjection R^ — » R™ llv . Since Roo is equidimensional of 
dimension 

l + n 2 #T+[L+ : Q]n(n-l)/2 + q-q = 1 + q + n 2 #T - [L+ : Q]n(l - (-l)"- n )/2 
and H^ T has -depth at least 

1 + q + n 2 #T 

(the dimension of Soo) we deduce from Lemma 2.3 of |Tay08| that p = n mod 2. 
Hence 

1 + q + n 2 #T = dim R loc + g 
and taking M m = H^ T , the sublemma is proved. □ 

Since proving the sublemma was our only remaining task, the automorphy lifting 
theorem is proven. □ 

3.6.2. Totally real fields. 

Theorem 3.6.2. Let F + be a totally real field. Let I > n be a prime and let K C Q; 
denote a finite extension o/Q; with ring of integers O and residue field k. Assume 
that K contains the image of every embedding F + t — >> Q; . Let 

p:G F+ ^ GL n (0) 

be a continuous representation and let~p = p mod mo. Suppose that p enjoys the 
following properties: 

(1) p v = pe n x f or some character \ : Gp+ — > O x with \( c v) independent of 
v\oo (where c v denotes a complex conjugation at v). 

(2) The reduction ~p is absolutely irreducible and pfGf+^j) C GL n (fc) is big 
(see Definition ^. 1.1^ . 

(3) (F+) kcrad ~P does not contain Q. 

(4) There is a continuous representation p' : Gp+ — > GL„(C), a RAESDC 
automorphic representation it o/GL„(A^+) which is unramified above I 
and l : Q ; — > C such that 
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(a) p' ®o Qi = ri^w) : G F+ -> GL„(Q,) and (p') v " p'e^x' for some 
character y' : Gp+ — > O x with \' — X- 

(b) p = p>. 

(c) For all places v j I of F + , either p\g f+ and tt v are both unramified, or 
the following both hold: 

• P'\G F + p\g f + and p\ Gp + ~>o p'\g f + ■ 

• x\i F + =x'\i p +- 

(d) For all places v\l, p\c Fv ~ p'\g Fv ■ 
Then p is automorphic. 

Proof. Extending O if necessary, choose a quadratic CM extension F of F + and 
algebraic characters ip,ip' : Gf — > C x such that the following hold. 

(i) F is linearly disjoint from F + (Q) over F + . 

(ii) Each place of F + lying over I and each place at which p or tt is ramified splits 
completely in F. 

(iii) ipt(; c = x\g f - 

(iv) ij) and ip 1 are crystalline above 

( v ) v>'(V') c = x'Ig f . 

(vi) Let S denote the set of places of F which divide I or which lie over a place of 
F + where p or 7r ramifies. Then for all w £ S, we have ip'\i L = ip\i L ■ 

(vii) ip = ip . 

(Take F to be a quadratic CM extension of F + satisfying (i) and (ii). Use Lemma 

4.1.5 of CHT08 to construct a ip which satisfies (iii) and (iv). Note that \ an d x' 
are crystalline characters of Gp+ with the same Hodge- Tate weights. In particular, 
for each place v\l of F + we have xU F + — x'\i +• We can therefore apply Lemma 

4.1.6 of }CHT08] to find a ip' satisfying (v), (vi) and (vii).) 

Let r = iPp\g f an d r' = ip'p'\a F - Then f = f', r c = r v e 1_n and (r') c = 
(r') v e 1_Tl . For w £ S, Lemma [3.4.61 implies that r\c F ~ r '\G F if v\l and both 
r \c Fvj r '\G Fm an d r '\G Fw r \c Fm otherwise. 

The theorem now follows from Theorem l3.6.1l applied to r\c F and r'\c F1 together 
with Lemma 1.5 of |BLGHT09j . □ 

3.6.3. Finiteness of a deformation ring. We now deduce a result on the finiteness 
of a universal deformation ring. This result is not needed for the main theorem, so 
this section may be skipped by readers interested only in the Sato- Tate conjecture. 
However, we believe that it is of independent interest, and it will prove useful to us 
in future work. 

Let F be an imaginary CM field with totally real subfield F + and let c be the 
non-trivial element of Gal(F/F + ). Let n £ Z>i and let I > n be a prime. Let 
K C Qi denote a finite extension of Qi with ring of integers O and residue field 
k. Assume that K contains the image of every embedding F ^ Q;. Suppose in 
addition that each place of F + dividing I splits in F. Let 

p : G F -> GL„(fc) 

be a continuous homomorphism and suppose 



p' : G F -> GL n (C) 



SATO-TATE 



2:S 



is a continuous lift of p which is automorphic of level prime to I. In particular, 
(p') c = (p') v e 1_n . By definition, there is an RACSDC automorphic representation 
7r of GL„(A^) (which is unramified above I) and an isomorphism i : Q ; C 
such that p' ® Qi — n,t( 71 ') : Gf — > GL„((Q) ; ). Suppose that every finite place of 
F at which it is ramified is split over F + . Let 5; denote the set of places of F + 
lying above I. Let R denote a finite set of finite places of F + disjoint from Si and 
containing the restriction to F + of every finite place of F where it is ramified. 

Let 5p/p+ be the quadratic character of Gp+ corresponding to F. By Lemma 
2.1.4 of CHT08] we can and do extend ~p and p' to homomorphisms f : Gp+ — > 
g n (k) andr' : G F+ -> Q n (0) withr'^fc = f, r\ Gp = (p,e^ n ), r'| G * = (pIg^ 1- ") 
and vor' = (l ~ n &F/F+ ^ or soine A* G (Z/2Z) (which is independent of the choice of 
r'). 

For each v E RU Si choose once and for all a place v of F lying above v. Let i? 
and Si denote the set of v for v in R and S 1 respectively. For each v E i?, let iZ9 

denote the universal O-lifting ring of F\g f _ . Suppose that for each v E R and each 
minimal prime ideal p of RB , the quotient R5 / p is geometrically integral. 

Note that this can always be achieved by replacing O with the ring of integers in 
a finite extension of K. Suppose that the lift r'|G F _ corresponds to a closed point 
of Speci?^J G [1/Z] which lies on only one irreducible component. Let R%- denote 

the quotient of R5 by the minimal prime ideal corresponding to this irreducible 
component. 

For v G Si, let A 5 be the element of (Z™ ) Hom ( F -if) ^th the property that r'\ GF , 
has ^-adic Hodge type v>~. Suppose that for each minimal prime ideal p of R-^ v ' , 

'I 

the quotient " /p is geometrically integral. Let R^ be the quotient of s ' 

by the minimal prime ideal corresponding to the (necessarily unique) irreducible 
component of Spec i?-^ [1/7] containing r'|G F _- 
Consider the deformation problem 

Sr. := (F/F+,R\JS u R\JS u O,f,e 1 - n 5» F/F+ ,{Rv} v eRus) ■ 

By Lemma 13. 5.1[ the rings Ry for v E 5; U i? satisfy the property (*) of section [331 
Let i?™, lv be the object of Co representing the corresponding deformation functor. 

Proposition 3.6.3. Maintain the assumptions made above. Suppose in addition 
that 

(i) p(G F f^\) C GL n (A:) is big, and 

(ii) F kcl ad P does not contain Q . 
Then 

(1) R^ n i v is a finite O-algebra. 

(2) Any Qi-point o/i?™ lv gives rise to a representation Gf — ► GL„(Q ; ) which 
is automorphic of level prime to I. 

(3) p = n mod 2. 

Proof. Choose a place v\ of F not lying over I and such that 

• V\ is unramified over a rational prime p with [F(£ p ) : F] > n; 
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• vi does not split completely in F(Q); 

• p and 7r are unramified at vi; 

• adp(Frob 1 , 1 ) = 1. 

Choose an imaginary CM field L/F such that: 

• L/F is solvable; 

• L is linearly disjoint from F (Q) over F; 

• 4|[i + : F + ] where L + denotes the maximal totally real subfield of L; 

• L/L + is unramified at all finite places; 

• Every place of L over vi or cv% is split over L + . Moreover, v± and cv\ split 
completely in L; 

• The places v £ R U Si split completely in L + . 

Let Sl,i denote the set of places of L + dividing I and let Rl denote the set of places 
of L + lying over R. Similarly, let Sl,z and Rl denote the sets of places of L lying 
over Si and R respectively. Let Sl,h denote the set of places of L + lying over the 
restriction of v\ to F + . Let Sl i(1 denote the set of places of L lying over v%. Let 

T = Sl,i U FIl U Sl : h and let T — Sl,i U Rl II Sl, q so that T consists of one place 
v for each place v G T. 

For v G Rl U Sl i, let Ry = R$\„ regarded as a quotient of R3 (note that 

Fff\ F — -> is by the choice of L). For u G i?£ U 5i, a , let -R^ G be the maximal i- 
torsion free quotient of R a , . For v <G Sl a , HH is formally smooth over O and 

we let ifc = i?° G ^ = R° Gl . For each « € Sl,;, let A ? = A S , F G (Z£) Hom ( i -- f 0. 
Consider the deformation problems 

Sl ■= ^L/L+^T^f^MG^.^Sl^^iRl^l^s^ U {!° G ^ Wus^) 

By Lemma f3 . 5 . H the rings R^ v,cr ', for v $L Slu -RfU » ^ f° r 11 -Rl an d 

for u G Sl, q satisfy the property (*) of section [33] Let i?^ iv and 

be the objects of Co representing the corresponding deformation functors. Note 
that there is a natural surjection i?^" IV -» R^ v , ■ Note also that there is a natural 

homomorphism of O-algebras -R™ v , — > ^?™' v which is obtained by restricting the 
universal deformation of type 5 r < to G^+ . This map is finite by an argument of 
Khare and Wintenberger (cf. Lemma 3.2.5 of [GG09]) and hence it suffices to show 
that E%g v is finite over O. 

Let G /o L + be an algebraic group as in section [331 (with F/F + replaced by 
L/L + ). By Theoreme 5.4 and Corollaire 5.3 of |Lab09j there exists an automorphic 
representation II of G(A^+) such that 7Tl is a strong base change of LI. Let U = 
Y[ v U v C G(A L ° + ) be a compact open subgroup such that 

• U v = G(O l +) for v G Sl,i and for v T split in L; 

• U v is a hyperspecial maximal compact subgroup of G(L+) for each v inert 
in L\ 

• £/„ is such that n^" ^ {0} for v G i?L; 
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• U v = ker(G(O i +) -> G{k v )) for w e 

Let Ii denote the set of embeddings L ^ K giving rise to one of the places 
v € Sl,i- Let A = (Xy) ve s L t regarded as an element of (Z™ ) /; in the evident way and 
let S\(U, O) be the space of Z-adic automorphic forms on G of weight A introduced 
above. Let T£(Z7,0) be the O-subalgebra of End (Sx(U,0)) generated by the 
Hecke operators \ (T^)^ 1 for w a place of L split over L + , not lying over T 
and j = 1, . . . , n. The eigenvalues of the operators Tw on the space (i -1 n oo ) c/ give 
rise to a homomorphism of O-algebras T^(U, O) — > Q ; . Extending if if necessary, 
we can and do assume that this homomorphism takes values in O. Let m denote 
the unique maximal ideal of T^(U, O) containing the kernel of this homomorphism. 

Note that r\c L 1S GL„(fc)-conjugate to f m where f m is the representation associ- 
ated to the maximal ideal m of T^(U, O) in section [321 After conjugating we can 
and do assume that ?\g l = r m . Since m is non-Eisenstein we have a continuous lift 

r m :G L+ ^g n (Tl(U,0) m ) 

of f. Properties (0)-(3) of r m and the fact that T x "(U,0) m is Z-torsion free and 
reduced imply that r m is of type Sl- Hence r m gives rise to an O-algebra homo- 
morphism 

R»™^Tl(U,0) m 

(which is surjective by property (2) of r m ). 
We define 

where all completed tensor products are taken over C Note that i? loc is equidimen- 
sional of dimension 1 + n 2 #T + [L+ : Q]n{n - l)/2 by Lemma 3.3 of [BLGHT09] . 

Sublemma. There are integers q, g £ Z>o with 

1 + q + n 2 #T = dim R loc + g 

and a module for both iJoo := i? loc [[xi, . . . , x g ]] and := . . . , z„2^ T , yi, . . . , y q ]] 

such that: 

(1) Mqo is finite and free over S^q. 

(2) Moo/favASiSxMO)*. 

(3) The action of on can be factored through an O-algebra homomor- 
phism .Soo — > Roo. 

(4) There is a surjection R^ -» Rg™ whose kernel contains all the Zi and yj 
which is compatible with the actions of R OQ /(zi 1 yj) and i?™ v on M^/ (zi, yj) = 
S x {U,0) m . Moreover, there is a lift r^ iv : G L + £„(i?s" iv ) of f repre- 
senting the universal deformation so that for each v G T, the composite 
i?° Gi ->■ i? loc ->■ -» i?^ iv arises from the lift r\£ iv | Gi _. 

Moreover, fi = n mod 2. 

This is proved in exactly the same way as the sublemma in the proof of Theorem 
13.6.11 (for the fact that fi = n mod 2, see the penultimate sentence of loc. cit.). 
Points (1) and (3) tell us that the support of in Spec is a union of irreducible 
components. Let 

R l °r c — ® V £tRv- 
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Then R l °, c is a quotient of R loc corresponding to an irreducible component (see 
part 5 of Lemma 3.3 of [BLGHT09] ). Let R^y = ® a ioc R l ° c . Again R^y 
is a quotient of R^ corresponding to an irreducible component. The lift r'\c + 
of r\c L+ gives rise to a closed point of Spec77co[l/^ which lies in the support of 
Mqo and which lies in Spec Rooy[l/l] but in no other irreducible component of 
Spec Roc [1/7] . We deduce that Speci?oo,r' is contained in the support of M m . In 
other words, in the terminology of section 2 of |Tay08 , 8^ Roo,r' is a nearly 



faithful floo^-module. It follows (by Lemma 2.2 of |Tay08| ) that M m <g) fioo 
is a nearly faithful i?g" iv , -module. Note that M m ® Rx> Rg™, is a finite O-module, 
being a quotient of 5a (t/, 0) m . Let 7 denote the annihilator of (Sir^ Rg 11 ™, in 
Rs n L iv r ,- Then R^/I is finite over 0. The same is true of (77g™, ) rod since 7 is 
nilpotcnt. It follows that Rg n ^ v t /mo is Artinian (being Noetherian of dimension 0) 
and hence 77^" lv / is finite over O by the topological version of Nakayama's lemma. 

We have established parts (1) and (3) of the proposition. For part (2), it is 
clear from the above that any Q r point of R^ nlv gives rise to a representation 
Gf — > GL n (Q() which becomes automorphic upon restriction to Gl and hence 
is automorphic by Lemma 1.4 of [BLGHT09] (since L/F is solvable). □ 



4. A CHARACTER BUILDING EXERCISE 

4.1. The main purpose of this section is to prove a lemma allowing us to construct 
Galois characters with certain properties. Before we do so, we must discuss the no- 
tion of bigness and prove a result which will allow us to deduce that representations 
are 'big' in certain circumstances. 

We begin by recalling the definition of m-big from |BLGHT09] . 

Definition 4.1.1. Let k/Fi be algebraic and m a positive integer. We say that a 
subgroup 77 C GL„(fc) of GL„(/c) is m-big if the following conditions are satisfied. 

• 77 has no ^-power order quotient. 

• 77°(77,s[ n (fc)) = (0). 

• 77 1 (77 ! s[„(fc)) = (0). 

• For all irreducible fc[77]-submodules W of gl n (k) we can find h £ 77 and 
a £ k such that: 

— a is a simple root of the characteristic polynomial of h, and if j3 is any 
other root then a m ^ j3 m . 

— Let ith.a (respectively ih.a) denote the /i-equivariant projection from 
k n to the a-eigenspace of h (respectively the /i-equivariant injection 
from the a-eigenspace of h to k n ). Then "Kh,a °W o i ha ^ 0. 

We simply write "big" for 1-big. If f is a representation of some group valued in 
GL„(/c), then we say that f has m-big image if the image of f is m-big. If K is 
an algebraic extension of Qi with residue field k and r is a representation of some 
group valued in GL„(7l'), then we say that r has m-big image if r has m-big image, 
where r is the semisimplification of the reduction mod I of r. 

The following lemma is essentially implicit in the proof of Theorem 7.6 of BLGHT09] , 
but it is hard to extract by reference the material we need from the proof there, so 
we will give a self-contained statement and proof. 
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Lemma 4.1.2. Suppose that F is a totally real field, I is a rational prime, m* is 
a positive even integer not divisible by I, n is a positive integer with I > 2n — 2, 
r : Gf — > GL„(Z;) is a continuous l-adic Galois representation, and M is a cyclic 
CM extension of F of degree m* such that: 

• M is linearly disjoint from F km r (Q) over F, and 

• every prime v of F above I is unramified in M. 

Suppose also that 0' : Gjw — > Z ; is a continuous character. 

(1) Suppose [F kcladr ((/) : ^ kcrad 'j ■> m * Then the fixed field of the kernel of 
the representation ad(f © Ind^^ 9') does not contain Q. 

(2) Suppose that r\c FK , has m* -big image and that (9 )(9 ) c can be extended 
to Gf- Suppose further that there is a prime £} of M lying above a prime 
q of F lying in turn above a rational prime q, such that: 

• r is unramified at all primes above q, 

• q^l, 

• q splits completely in M , 

• q is unramified in F (Q), 

• q - 1 > 2n, 

• (9')(9') c is unramified at primes above q, and 

• <l\#Q'(l£i) (and so q\#9' (Iqc)), and9' is unramified at all primes above 
q except Q and Q c . 

Then (r <8> Ind^ 0')|g f(c j has big image. 

Proof. We will begin by proving the first part; so suppose that r has the property as- 
sumed there. By the given assumption, there is an element of Gal(F (Q)/F ) 
of order larger than m*; using the assumption that M and F CTI *(0) 3 F " (Q) 
are linearly disjoint over F, we can consider this as an element of Gal(MF (0 ) /F 

with the same property, and lift this to an clement a of Gal(F/AfF kc ' adr ). (This 
element will have the property that e;(cr) has order > m* .) Let r be a generator of 
Gal(M/F). Then lift r to an element f of Gp; let 

m* — 1 

a 1 = J| f-'crf 1 

i=0 

and notice that ad(f ® Indgf 0') is trivial on a', while e/(cr') = e/(cr) m ^ 1. This 
proves (1). 

We now turn to proving the second part; so let us assume that we have k, q, q, 13 
with the properties stipulated there. We will follow the proof of Theorem 7.6 of 
BLGHT09J very closely. Since I > 2n — 2, the main result of |Ser94j shows that 
adf|c F(c j is semisimple, and we may write 

(4.1.1) adf| G ^ (Q) = V® mo © V® mi © • • • © V® m ° 

where the Vi are pairwise non-isomorphic, irreducible F; [G^^^j-modules and the 
rrii are positive integers. Let Vq = 1. By the assumption that r\G F(Xi) has m*-big 

image, mo = 1. Adopting r' as an abbreviated name for Ind G p 9', let us choose 
eo,...,e m *_i a basis for r' as follows. First, choose f 6 Gf a lifting of t e 
Gal(M/F). Then, choose a non-zero primitive vector eo in r' such that r'(a)eo = 



28 



THOMAS BARNET-LAMB, TOBY GEE, AND DAVID GERAGHTY 



6'(a)eo for all a e Gm, and set e, = r'(f*)eo for i = 1, . . . , m* — 1. Note that this 
means that Gm acts on via the character 9' T . Moreover, 

/(fXe^) = r'(f m > - 0'(f m *)e o 

Now let /o, . . • , fm*-i be the basis of Hom(r', Z;) dual to eo, . . . , e TO *_i. Let us 
quickly establish a sublemma: 

Sublemma. Suppose there is some character ip : Gm — > F; X which is unramified at 

— — ~ k — - I — z.™ — — z.™ — z. I — ~ k 

primes above q such that 9'/ 9' = 6' /9' ip (or equivalently 6' 6' = 6> 6' ip); 
then either k = m and I = 0, k = and I = m, or I = (m*/2) + k and m = m*/2. 

Conversely, if fc = m and Z = 0, then 6'/ 6' =9' /9' and the same is true if 
k = and Z = to, or if Z = (m*/2) + Zc and m = m*/2. 

Proof. For the first part, we consider the action of inertia above q on each side of 
9'9' fm = 9 ,fl 9' fk . 

We first set up some notation. Let lj q denote the inclusion of Jq into Gm, and 
let 5 := 9' o (Note that (5 is not trivial, by our assumption that q\#0' '(Iq)-) 
For i an integer, let c-i : Gm — > Gm denote the 'conjugation by f" map, and let 
5i := 9' o Cfi o ij Observe that Sq = (5, that 5i is trivial for z ^ 0,to* /2 (by the 
assumption that 0' is unramified at all primes above q except Q and Q c ), and that 

-f m * /2 -c 

<5m*/2 = 6 ( sinCe ^m*/2 = C 6 *' ° C fm */2 O Lj Q ) = (0' O ij a ) = (6»' ) O t/ Q ) = 

(1/0') ot Jfl ) = 1/(5, where the penultimate equality is by our assumption that 
{9'){9') c is unramified at primes above q). 

Now let us consider the maps ft := {9'9' T ) o c ? « o tj a for each i. These maps 
are clearly trivial unless i = 0, to*/2, to or to + (to*/2) (considering i mod to*). 
Let us split into cases: 

• We have to 7^ (to*/2), 0. In this case, it is easy to see that the values i = 0, 
to*/2, to or to + (m*/2) mod to* are distinct. It is also easy to see that ft 
for these i values are (respectively) (5, <5 _1 , 5, J -1 , where 5 is some character. 

On the other hand, consider ft' := (9 1 9' ip) o c f i o ij fl . For these 
maps to be nontrivial for 4 distinct values of i mod to*, as they must, we 
need Z 7^ k,k + (to*/2); then it will be nontrivial for i = Z, Z + (to*/2), 
k, k + (to*/2), for which values of i we get <5 x , <5, (5 1 respectively; and 
comparing, we conclude that Z = and k = m or Z = to and fc = (since 
<5^<5- 1 ). 

• We have to = 0. In this case, ft is nontrivial for i = or i = m*/2 (mod 
to*), which are distinct, and the corresponding ft are (respectively) <5 2 , <5~ 2 . 

_ - r fc 

Now consider ft := (0' 0' ip) o Cf < o t/ Q . For these maps to be nontrivial 
for at most two values of i we need Z = Zc or Z = fc + (to*/2), and in the 
latter case we see that aZZ ft' are in fact trivial. Thus we must have I = k. 
Comparing the i for which ft and ft are nontrivial, we see that 1 = 0. 

• We have to = to*/2. In this case, it is easy to see that all ft are trivial. 

- f l - f k 

Now, considering ft' := (9' 9' ip) o o i Iq , we see that for these maps to 
be nontrivial for at most two values of i (as they must be) we need Z = k or 
I = k + (to*/2), and we see that only in the latter case is it in fact trivial 
for all values of i. 
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For the converse, if k = m and / = 0, the fact that 6'/ 6' — 8'/ 9' is trivial. 
Similarly, if k — and I = to, we need to prove that 9'/9' — 9' T j9' T , which is 
also trivial. Finally, if I = (to*/2) + k and to = m*/2, it remains to show that 
{9'){9') c = ((9')(9') c ) tL (where we write c for complex conjugation), which is true 
since one of our hypotheses is that (9')(9') c can be extended to Gp- □ 

We can now decompose: 
(4.1.2) adf'| GF(C;) = W x \e[@W 

\ X eHom(Gal(Af(C i )/F(C i )),F 1 x ) 



where 

- W x is the span of Eto" 1 X~ 1 (T l )e i ® fo, so W x = F/(x). 



• Wj is the span of {ej ® /<+j}j=o,...,m*-i, so W 4 = Ind^^ (6"/6* /T ). 

From this we turn to study f ® f ' , which we will abbreviate r" . We can decom- 
pose: 
(4.1.3) 

^ s \ / s m*— 1 

yj-OxeHomCGalfMCO/FtO))^) / V= i=1 

We then have the following straightforward lemma: 

Lemma. The decomposition \%.1.3\ enjoys the following properties: 

(1) Each Vj(x) * s irreducible. 

(2) We have Vj(x) ^ Vy (x') unless x = x' an d 3 = f ■ 

(3) Each Vj ®Wi^i Ind G ^ f <Cl) (Vj ® 8'/8' T ) is irreducible; moreover, we have 

Ind^''^ ® fl'/^*) ¥ Inde^C^' ® 0>/0>*' ) «nfe SS j = / and i £ 
{j',m*-i'}. 

M VJ(x) ? Inda^iVj^e'/e^') for all X ,i'J,j'- 

Proof. For part 1, see equation 14.1.11 and the remarks immediately following it. 
Part 2 is clear, because M is linearly disjoint from -F kerr (Cz) over F. Both of the 
assertions in part 3 follow from (a) the fact that the only cases where Gm(q) acts 
via the same character on eo ® fk and ei ® f m are when k = m and I = 0, k = 
and / = to, or Z = (to*/2) + fc and to = to*/2 (this fact is our sublemma) and (b) 
from examining the action of inertia above q. Finally, part 4 again follows from a 
consideration of the action of inertia above q. □ 

It is immediate (since there are no terms in the decomposition of adf"|G F(c ) 
isomorphic to 1 other than Vb(l) m °) that 

i7°((adr-")(G F(o) ),ad r-") = (0). 

Let H (resp. H', resp. H") denote the image (adf)(G_p(^)) (resp. (ad f'^Gp^)), 
resp. (adf")(Gf(^))). We note that the only element of H which is a scalar when 
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thought of as an element of Autadr is the identity 1 ; and the same is true for H' , 
so that 

H xH' °->- Aut(adf") and keradf"|G F(C!) = ker adf\G FK jflker adf'|G F(c ) {—K n , sa 

Thus, if we define K u = ((ker adf |g f(c >), (keradf'|G F(c ,)) < Gf(C;)' anc ^ ^ = 
Gp(Q)/ Kyj, we have maps 

7r:ff = - ^ »%^=I? and V : g' = , ^ » = 

keradr|G F(Ci) Ay keradr'|G F(<i) «u 

such that Gpr^ -» {(h, h') 6 H x ff'|7r(/i) = n'(h')}. (This is surjective; it suffices 
to show a) that for each h G H, the image contains (h, x) for some x, and b) that 
the image contains (e, h!) for each h! in the kernel of n', both of which are clear.) 
Finally, 

ker(G F[Cl) -» {(h, ti) e H x H'\ic(h) = n'(h')}) = ker(G F(Ci) H x H') 

= ker(G i?(C!) -> ff) n ker(G i?(Cl) -> F') = K n = keradf"| GF(Ci) 

and hence there is an isomorphism H" = Gp^/ ker adf"|G F(c ) — {(^, h') £ H X 
H'\-K(h)=-K'{h')}. 

Let if' denote the kernel of ir'. It is the case that: 

• The image of the inertia group at any prime above q in H' is contained in 
K 1 (as f is unramified above q). 

• K' ^ H' ^> Gal(M(C;)/ F(Q)) is surjective (since M is linearly disjoint 

from F kmr (Q) over F). 

From this we easily see that (&df") K — adr (use the decomposition (14.1. 31) ). 
and hence (by inflation-restriction, using the fact that I \ #K' , so that the group 
ad° f") vanishes, and the assumption that r|G F(C|) has big image) that: 

(0) = H\H,Sid f) = H 1 (H"/K',(ad°r") K ') 4 H\H", ad° f"). 

All that still remains is to show the non-group-cohomology-related part of the 
definition of 'big image'. To this end, let us fix a copy Vj C adf. (Note that every 
copy of Vj(x) C adf" will be of the form Vj <g) W x for some copy of Vj C adf; 
this uses our analysis, above, of the conditions under which terms in the direct 
sum (|4.1.3I) are isomorphic.) Since r|G P(c 5 has m*-big image, hence big image, and 

M is linearly disjoint from F kcrr (Q) over F, we see that r\c M(<[) has big image. 
Thus we can find a a € Gm(q ) and a simple root a of the characteristic polynomial 
det(A — f(<r)) such that Wfr a Y a Vjir( a Y a ^ (0). Altering a by elements of inertia 
subgroups at primes above q (which does not affect f(a)), we can assume 2 that 
for i — l,...,m* — 1 the ratio (Q'/9' T )(a) does not equal a' /a for any root a' 



4n case it will help avoid confusion, let us spell this out a little more. The representation f 
can equivalcntly be thought of as a vector space Vr on which the Galois group acts; similarly, we 
can think of the representation ad f as a vector space V ad ^ with an action of the Galois group; the 
underlying vector space of V a( jf is just the vector space EndvcctSpc V? of endomorphisms of the 
underlying vector space of Vr. Each element h of H determines an element of AutyectSpc V^df', 
this is what we mean by h 'thought of as an element of Aut adf. 

2 In particular, we note that we can alter the quantities 9' T (a) for 1 < i < (m*/2) — 1 indepen- 
dently of each other, and of O'(cr), since altering a by inertia at a prime £t T will only affect 0' T (a) 
and 8 ,T (a). Moreover, since (9'/9' T )(cr) and (9'/9' T )(cr) are related via the fact 
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(including a) of the characteristic polynomial dct(X — f(cr)). (That this is possible 
relies on the fact that q > 2n + l.) Thus a8'(a) is a simple root of the characteristic 
polynomial of r"(a) and, for each \, 

Kf"(<T),aff'(<r) ° V ^ X "> ° i r"(<r),a9'(<r) 
= K f (a),a ° Vj o i f ( ff ) lQ 7^ (0) 



i=0 



Next, let us fix j € {0, ... , s} and i e {1, . . . , to*/2}, and let 7 : Wi ^> W m »_j 
be the isomorphism such that 7(eo ® /i) = e( m * /2)+i <8 /(m* /2)- (I n the special case 
2i = to*, 7 will happen to be the identity; we will in fact not make use of 7 in this 
case.) We can write any submodule of adf"|G F(< } which is isomorphic to Vj <S> Wi 
as: 

{rji(v) ® w + r] 2 (v) ® 7(10) Wj} 

where 771,772 are embeddings Vj adr, and where we suppress the second term 
in the sum if 2i = to*. (This uses our analysis, above, of the conditions under 
which terms in the direct sum 14. 1.51 are isomorphic.) Using the fact that 7*|g f({ } is 
TO*-big, we can find a a G and a root a of det(X — r(er)) such that: 

• 7Tr(a),a Vj O i f (a),a ¥= (0)- 

• No other root of det(X — f(cr)) has TO*th power equal to a m . 

Since M is linearly disjoint from F k °' r ((i) over F, we may additionally assume: 

• a maps to the generator r of GaJ.(M(£j)/.F(£j)). 
Define /3 , ■ ■ ■ Pm*-i by: 

f'(er)ei = ftei+i 

(where we take subscripts modulo to*). The roots of the characteristic polynomial 
of f'(o) are exactly the TO*th roots of /?o/3i • ■ ./3 m *-i. If /3 is such a root, so 
/3 TO = P0P1 • • • Pm*-i ; then a corresponding eigenvector is: 



A) , POPl , PO • • • Pro* -2 



v/j := e + — ei + -^e 2 + • • • + — e m ._i 



and the corresponding equivariant projection is 



i- ' 



that (9')(9') c is unramified at all places of M above q, we may ensure that (9' /9 ,T )(<r) 
avoids taking the value a'/a by ensuring that 9' T (<r) avoids the value (a' (9'9' c )(a))/(9' (a)a). 
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We see that a/3 is a simple root of the characteristic polynomial det(JT — r"(<r)), 
and that for v E Vj 

Tp'W,^ ° (m(v) ® e ® /i + »72(w) ® e (m , /2 ) +l ® /( m */2)) ° if"{<r), a p 
= {Kf(a),a ° »?1 («) ° if(<7),a)(7I"f'(o-),^ ° ( e ® /») ° *f'(<r),^) 

+ (l"f(a),c« ° «72(«) ° *f(<T),a)(7Tf'( ( T), / 3 ° (e( m «/2)+i ® /(m»/2)) ° * 
1 



(7Tf(tr),a ° ° *r(a),a); 



0* 



+ o *(„) o M m *^ o _ . ./3 m » /2+l _ 1 



P Pm*/2 ■ ■ ■Pm*/2+i 

This will be nonzero for some choice of j3 and v. 

Since all terms in the sum (|4.1.3[) are isomorphic either to a Vj (x) or a Wi (g> V^- , 
the only remaining point is to check that f" {Gp(^\) has no quotients of Z-power 
order. It suffices to prove that H" = (adf")(GF(^)) has no quotients of Z-power 
order (because the group of scalar matrices in GL„ m »(F/) has no elements of order 
divisible by I). Since to* is not divisible by I, H has order prime to I, and we 
see that any quotient of H" of /-power order would also be a quotient of H. Since 
r|G F (c ) nas w*-big image, H has no quotients of /-power order, and we are done. □ 

4.2. We now return to the main business of section: constructing characters. For 
the entire remainder of this section, we will be working with the following combi- 
natorial data in the background: 

Situation 4.2.1. Suppose that F is a totally real field, I is a rational prime which 
splits completely in F, and that we are given the following data: 

• A partition of the set of primes above / into two subsets S'ord and S SSl 

• For each prime v above I, integers a v and b v , and 

• A set T of places of F, not containing places above /. 

such that the sum — 2a v + b v takes some fixed value, w say, independent of v. 

(It may be helpful to the reader if we remark that this combinatorial data is 
intended to be related to the automorphic representation ir of GL2(Ai?) with which 
we will eventually be working in the following manner: the sets S'ord, reflect the 
places above / where tt is ordinary and where it is supersingular; tt is thought of as 
being associated to a Galois representation having Hodge- Tate numbers {— a v , b v — 
a v } at the place v\ and the set T contains the places away from / where tt is 
ramified.) 

We define a certain integer m* , dependent on the set of b v 's of Situation 14.2.11 
but not on the prime I itself. 

Definition 4.2.2. Let B = {b v \v a prime of F above /}, considered as a set with- 
out multiplicity. We define the integer to* to be the least common multiple of the 
integers in the set {2} U B. 

We have seen in the previous section that our lifting theorems require us to 
maintain careful control of the lattices with which we work. We therefore single 
out certain lattices which will be important in the sequel. 
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Definition 4.2.3. Suppose we are in the situation of Situation 14. 2. II We make the 
following definitions: 

(1) Suppose that v G S ss is a place of F above I, and let L be the quadratic 
unramified extension of F v in F v (so that L is isomorphic to Qp). Let 
K be a finite extension of Qz with ring of integers O, and suppose that 
X ■ Gl — > O x is a de Rham character. Finally suppose we have chosen 
o G Gf v mapping to a generator of G&\(L / F v ) . Then we can consider the 
ordered O-basis {/oj/i} of Indgf" \ where fi : Gf v — > O is the function 
supported on ct'Gl and taking the value 1 on a 1 . We call this the a -standard 
basis for Ind^ 1 ' \- 

(2) Continue the assumptions of the previous point. We get an ordered ba- 
sis {go, ■ ■ ■ ,g n -i} of Sym™ -1 Ind G F " \ inherited (in the sense of Definition 
13.3. ip from the a-standard basis on Ind G ^" x defined in the previous part. 
We call this the a -standard basis of Sym" -1 Ind G F " x- (Concretely, consid- 
ering Sym™ -1 lnd G Fv ^ as a quotient of (Ind G F " x)®^™ -1 ), 9i IS the image 

of/„ 8( - M ®/r.) 

(3) Suppose M/F is a cyclic degree m* extension with F totally real and M 
CM, K is a finite extension of Q; with ring of integers O, r G Gp an 
element mapping to a generator r G Gal(M/F), and 9 : Gm — > O x is a 
character. We consider the ordered O-basis {eo, . . . , e m »_i} of Ind G F f 6, 
where : Gf — > O is the function supported on t 1 Gm with value 1 on?, 
and call this the T-standard basis for Ind^ F 6. 

Gm 

(4) If v, L, K, M, x, 0, a, f are as above, then we consider Sym" -1 Ind G F " \ ® 
Ind| F 0, which is a representation of Gp v , and has an ordered basis inher- 
ited (in the sense of Definition 13.3.2)) from the a-standard and T-standard 
bases on Sym™ -1 Ind G F " x an( i I^Gm ^ already defined. We call this the 
(<t, r)-standard basis of Sym ra_1 Ind G F " x ® Ind G F 0. 

We are now in a position to construct the characters we will need. 

Lemma 4.2.4. Suppose we are in the situation described in Situation \4-2.1\ and 
we have fixed an integer n and an extension 

i^(bad) fF.A ssume that I \ m* and 
I > 2n — 2 . Then we can find a degree m* cyclic CM extension M of F , linearly 
disjoint from _F( bad ) over F, and continuous characters 

8, 6' : Gm — > 2^ , 

which are de Rham at all primes above I, and which enjoy the following further 
properties: 

(1) 9,8' are congruent (modi). 

(2) Suppose that v G S ss is a place of F above I, and let L be the quadratic 
unramified extension of F v in F v (so that L is isomorphic to Q;2 ). Suppose 
that x? x' '■ Gl Q/ X are de Rham characters with X — X.' ■ Suppose 
furthermore that the Hodge-Tate weights of x are ~o,v and b v — a v , while 
those of x' are and 1 . 

Let K C Qi be a finite extension of Qi with ring of integers O, and 
suppose that K is large enough that 6, 9' , x and x' aire all valued in O. Let 
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er 6 Gf„ be an element mapping to a generator of Gsl\(L/F v ), and r € Gf 
an element mapping to a generator t G Gal(M/F). 

Let L' be a finite extension of L in F v such that x\g l ,> Xg l ,> ®\g l ,i and 
0'\g l , are all crystalline. Let 

p x = (Sym^Indg" X )\g l , ® (Indg F 6)\ Gl ,, 

and Px , = (Sym^Indg" X ')\g l , ® (Indg* 0')k,, 

regarded as representations Gl> — > GL„ m »(0) iwt/j respect to their (cr, r)- 
standard bases. Note p x and p' x , become equal after composition with the 
homomorphism GL m „»(0) — > GL nm *(k). Assume in fact that L' has been 
chosen so that this common composite is the trivial representation. 
Then p x ~ p x > (in the sense of Definition \3.3^5\) . 

(3) For any r : Gal(F/F) — > GL„(Z;) 7 a continuous Galois representation 
ramified only at primes in T and above I, which satisfies F^ CrT (Q ) C _F^ bad ^ : 

• Ifr\G n(l) has m* -big image, then (rOlndg^ 8)\g w((i) and (r<g>Indg F 0')\g f{ 
have big image. 

• If[F r (C() : F ] > rn* then neither the fixed field of the kernel 
of ad(f ® Indg F 0) nor i/iai of ad(f (g> Indg F 0') will contain Q . 

(4) We can put a perfect pairing on Ind G F 9 satisfying 

(a) ( Vl ,v 2 ) = (-l) n (v 2 , Vl ). 

(b) For a G Gf, we have 

(av u av 2 ) = ei(a)- mtn+1 -^ w Q(a)-^- 1 ^ n - 1 \v 1 ,V2) 

where oj is the Teichmuller lift of the mod I cyclotomic character. 
Thus, in particular, 

(Indg F 9)^ S (Indg F 9) ® e ™*«-i+(i-«)-^(— D(n-i)_ 

(Note that the character on the right hand side takes the value (—1)™ on 
complex conjugations.) 

(5) Similarly, we can put a perfect pairing on Indg F 9' satisfying 

(a) ( Vl ,v 2 ) = (-l) n {v 2 ,vx). 

(b) For a G Gf, we have (avi,av 2 ) — ei{o-y^ m * {v\,v 2 ) ■ 
Thus, in particular, (Indg F 6>') v = (Indg F 9') ® g^" 1 *- 1 )™. 

(Again the character on the right hand side is (—1)™ on complex conjuga- 
tions.) 

(6) Suppose r : Gal(F/F) — > GL2(Z;) is a continuous representation with 
Hodge- Tate weights {— a v , b v — a v } at v for each place v of F above I; then 
Sym™ -1 r ® Indg F 9 has the following Hodge-Tate weights at v: 

{0, 1, 2, . . . , m*n - 2, m*n - 1} 

(for each v). In particular, Sym™ r ® Indg F 9 is regular. 

(7) Suppose r' : Gal(F/F) — > GL^Z;) is a continuous representation with 
Hodge-Tate weights {0, 1} at v for each place v of F above I; then Sym" - r'® 
Indg F 9' also has the following Hodge-Tate weights at v: 

{0,l,2,...,m*n-2,m*n- 1} 

(for each v). In particular, Sym™ r' <£> Indg F 9' is regular. 
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Proof. Step 1: Finding a suitable Geld M. We claim that there exists a surjective 
character \ '■ Gal(F/F) —> fx m * (where p m * is the group of m*-th roots of unity in 
Q X ) such that 

• x is unramified at all places of F above /. 

• x(Frob u ) = 1 for all v G Sord- 

• x(Frob„) = —1 for all v G .S'ss- 

• x{ c v) = — 1 for each infinite place v (where c v denotes a complex conjuga- 
tion at v). 

• F kcl x is linearly disjoint from F^ bad ^ over F. 

We construct the character x as follows. First, we find using weak approximation 
a totally negative element a£f x which is a w-adic unit for each v\l, and which is 
congruent to a quadratic residue mod each v G 5 or d and a quadratic non-residue 
mod each v G S'ss- Let xo be the quadratic character associated to the extension 
we get by adjoining the square root of this element. Then: 

• Xo is unramified at all places of F above I. 

• xo(Frob„) = 1 for all v G S 01 -d. 

• xo(Frob„) = — 1 for all v G S'ss. 

• Xo( c v) = — 1 for each infinite place v (where c v denotes a complex conjuga- 
tion at v). 

Now choose (for example by Theorem 6 of chapter 10 of AT09.) a cyclic totally 
real extension Mi/Q of degree m* such that: 

• Mi/Q is unramified at all the rational primes where F crXo ^( bad )/Q is 
ramified. 

• I splits completely in M\. 

Since F km Xo F( bad ) /Q and Mi/Q ramify at disjoint sets of primes, they are linearly 
disjoint, and we can find a rational prime p which splits completely in i^( bad )i^ Xo 
but such that Frob p generates Gal(Afi/Q). Since Mi/Q is cyclic, we may pick an 
isomorphism between Gal(Afi/Q) and /x m *, and we can think of M% as determining 
a character x.i '■ Gq — > p m * such that: 

• Xi is trivial on Gq t . 

• xi is trivial on complex conjugation. 

• xi(F r °b P ) = Cm*i a primitive m*th root of unity. 

Then, set x — (xi|g f )Xo- Note that this maps onto /i m *, even when we restrict to 
G F (bad) (since p splits completely in F' bad ' and if p is a place of F^° ad ^ over p, we 
have xo(Frobp) = 1 while xi(Frob p ) = Cm*)- The remaining properties are clear. 

Having shown x exists, we set AI = F korX ; note that this is a CM field, and a 
cyclic extension of F of degree m* . Write r for a generator of Gal(M/_F). Write 
M + for the maximal totally real subficld of M. 

Step 2: Defining certain sequences of numbers. We now will now define certain 
sequences of numbers. The reason for introducing them is that the characters 9 and 
6' will be engineered such that their Hodge- Tate numbers at the primes above I in 
M will be given according to the sequences we are about to construct, and many 
of the formulae we use in defining 9 and 9' will require explicit mention of these 
numbers. Thus it will be helpful to have introduced notation for them. 
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In particular, for each prime v of F above I, we define m*-tuples of integers 
{h vfi ,---,h Vtm ,-i) and {h' vfi ,. . . ,h' Vtm ,_ 1 ) by putting: 

(h Vt o, h Vtm *-\) = {a v (n - 1), 1 + a v (n - 1), 2 + a v (n - 1), . . . , b v - 1 + a v (n - 1), 

b v n + a v (n - l),b v n + 1 + a v (n - 1), ... , &i,n + (6„ - 1) + a v (n - 1), 

(to* — 6„)n + a v (n — 1), (to* — b v )n + 1 + a v (n — 1), 

. . . , (to* - b v )n + b v — 1 + a„(n - 1)) 

fX )0 , . . . , /i(, im ._i) = (0, n, 2n, . . . , (to* - l)n). 

We note that, so defined, ft and /i' satisfy, for each i: 

(4.2.1) 

ft«,i + h v , m *-i-i = (to* — 6„)n + b v — 1 + 2a t) (ra — 1) = m*n — 1 + (1 — n)w 
(4.2.2) 

(The characters 8 and 0' will be engineered to have these Hodge- Tate numbers at 
the primes above I in M.) 

Step 3: An auxiliary prime q. Choose a rational prime q such that 

• no prime of T lies above q, 

• q^l, 

• q splits completely in M, 

• q is unramified in F( bad ), and 

• q - 1 > 2n. 

Also choose a prime q of f 1 above g, and a prime of M above q. 

Step 4: Defining certain algebraic characters 4>,4>' : — > (M') x . For each 
prime v of F above I, let us choose a prime w v of M above u. We now have a 
convenient notation for all the primes above v; if v € S^rd there are m* of them, 
t^w v for j = 0, . . . , m* — 1; and if v € S^s there are to*/2 of them, t^w v for 
j = 0,..., (m*/2) — 1. Also, choose l v to be an embedding M — > Q ; attached to 
the prime w„ (in case v € S'ord there is only one choice; in case v € S ss there are 
two). 

We are now forced into a slight notational ugliness. Write M for the Galois 
closure of M over Q. (Thus Gal(M/Q) is in bijection with embeddings M — > Q.) 
Let us fix i*, an embedding of M into Qj, and write u* for the prime of M below 
this. 3 Given any embedding i' of M into Qj, we can choose an element ay in 
Gal(M/Q) such that t' = t* o <j L ,. 

We claim that there exists an extension M' of M, and a character <f) : — > 
(M') x with open kernel such that: 

• For a e Af x , 

(m*/2)-l 

0(«) = II II kor-i(«))*' J Kor-J-(»v»(«)) k ""' , - , - J 
«es ord us as j=o 

3 The choice of this t* will affect the choice of the algebraic characters <f>, <f>' below, but will 
be cancelled out — at least concerning the properties we care about — when we pass to the i-adic 
characters 6, 0' below. 
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• For a £ (A M + ) x , we have 

0(«) = (II l a "l II sgn„K)^/M+( Art M+(a)))- m * n+1 - (1 - n3w , 

where S M / M + is the quadratic character of G M + associated to M. (Note 
that, in the right hand side, we really think of a as an element of A M + , not 
just as an element of Am which happens to lie in A M + ; so for instance v 
runs over places of M + , and the local norms are appropriately normalized 
to reflect us thinking of them as places of M + .) 

• is unramified at I. 

This is an immediate consequence of Lemma 2.2 of HS BT10] ; we must simply 
verify that the conditions in the bullet points are compatible; the only difficult part 
is comparing the first and second, where eauation l4.2.1l gives us what we need . 

Similarly, we construct a character <$>' : (Am) x — > (M') x (enlarging M' if neces- 
sary) with open kernel such that: 

• For a e M x , 

(m*/2)-l 

^(«)= n n Ko T -»(«)) h '" i K»r-i-Kffl(«)) k -*- 1 -' 

uGS ord US Ha j=Q 

• For a £ (A M + ) x , we have 

0» = (H \a v \ l[sgn v (a v )S M/M+ (Art M+ ( a )))- im '- 1)n . 

(Again, we think of a in the right hand side as a bona fide member of 
A M + .) 

• 4>' is unramified at I. 

• 9|#0'(Cmq)' but <fr' is unramified at primes above q other than and £} c 
Again, this follows from Lemma 2.2 of JHSBTIO] . now using equation 14.2.21 

Step 5: Defining the characters 6, 6' : Gal(M /M) Z* . Write M' for the Galois 
closure of M' over Q, and extend i* : M — >• Q ; to an embedding i** : M' — > Q;. 
Define Z-adic characters 8 ,0' : Gal(M/M) Z* by: 

(m*/2)-l 

o (Arta) =t**(^(a))JJ ]J (l v oT^)(« rj „J-^^ or-'-^/^^ffl^J-V-i 

(m*/2)-l 

0'(Arta) = 4 " (</»'(«)) H II (^or-0(a T i w J- fc i.i(t t ,or-^ ro "/2))( aT(m . /!im|i( J-fcU.- l - J 

where v runs over places of F dividing I. (It is easy to check that the expressions 
on the right hand sides are unaffected when a is multiplied by an element of M x .) 
Observe then that they enjoy the following properties: 

• Q'°Vm/m+ = ( e z^M/M+)~ (m * -1) ™ where V M / M + is the transfer map -> 
Gfj. In particular, d'd' c = g-t'"*- 1 )". 



We also use the fact that, if we fix a complex embedding t£ of M, o<r t ^ OT j will run through 
all other complex embeddings as v runs through primes above I and j runs from to m* — 1, as 
may be seen by taking a field isomorphism C = Q; 
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• po°> / m/ju+ — v ; and nence , tfo^o — 

• For u £ S OT d and < j < (m*/2) - 1, the Hodge- Tate weight of #o|g m 

is and the Hodge- Tate weight of 6q\g m , * s hv,m*-l-j- 

• For v e -Sss and < j < (to*/ 2 ) _ 1) tne Hodge- Tate weights of 0q|g m 
3X6 hv.j flxid /it? } 77i* — i — ? • 

• For w G Sord and < j < (m*/2) - 1, the Hodge-Tate weight of 0'| Gm ^ 

is ft^ -, and the Hodge-Tate weight of 9'\g m is h' v 

• For v G S ss and < j < (to*/2) - 1, the Hodge-Tate weights of 0'\ Gm . 
are and h! v m »_ x ^ y 

• qW9'(Iq), but 0' is unramified at all primes above q except £},£} c . 

We now define 8 = 9q(9'/9o) — where 9o (resp 9') denotes the Teichmuller lift of the 
reduction mod I of 9q (resp 9') — and observe that: 

• 9 (mod I) = 8' (mod I). 

• 88 c — e ~ m * n+1 ^^ n ^ w {j-{w-i)(n-i) 

Step 6: Properties of Ind G 9 and Ind G 9 . We begin by addressing point 4. 
We define a pairing on Ind G 9 by the formula 

(A,A')= Yl e / ( ( j) m *"- 1+ ( 1 -" ) ' !i, w( ( T)( u '- 1 )( Tl - 1 )A( ( 7)A'(c ( T) 

<r6Gal(M/A-/)\ Gal(M/F) 

where c is any complex conjugation. One easily checks that this is well defined and 
perfect, and that the properties (a) and (b) hold. 

We can address point 5 in a similar manner, defining: 

(A,A')= ]T e^) (m *- 1)n A(a)A'(ca) 

a£GaX(M/M)\ GbX(M/F) 

and checking the required properties. 

Next, we address point 6. We will use the following notation: if S, T are multisets 
of integers, we will write S(B T for the 'union with multiplicity' of S and T (so that 
{1}®{1} = {1,1}), and S®T for the convolution of S and T (Le. {s+t\s G S,t G T} 
with appropriate multiplicities). Finally, for r : Gf — > GLfc(Zj) a de Rham Galois 
representation and v a prime above I, we will write WT v (r) for the multiset of 
Hodge-Tate numbers of r at the place v. (Note that I splits completely, so this is 
well defined.) 

Now, supposing r : Gal(F/F) — > GL 2 (Z;) to be a continuous representation 
with HT„(r) = {—a v ,b v — a v } for each place v of F above I, we can calculate 
HT„(Sym™ _1 r ® Ind G ^ 0) and show it has the required value; see Figured] 

Next we address point 7, in a similar manner. Supposing r : Gal^/i* 1 ) — > 
GL2(Z;) to be a continuous representation with HT„(r) = {0, 1} for each place v 
of F above I, we can calculate: 

HT„(Sym n_1 r <g> Ind G ^ 6) = HT l) (Sym n_1 r) ® i3T„(Ind G £ (9) 

= {0, 1, . . . ,ra - 1} ® {/i^ , . . . , 
= {0, 1, . . . , n - 1} ® {0, n, 2n, . . . , (m* - l)n} 
= {0, 1, . . . , m*n — 1} 
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HT„(Sym"- 1 r®Ind^ f ^) = 

= HT^Sym"- 1 r) ® HT„(Indg^ 9) 

={-(n - l)a v , -(n - 2)a v + (b v - a v ), ... ,(n- l)(b v - a v )} 

® {^l>,0; ■ • ■ j hv,m*-l} 

={0, &„,..., (n - ® ({-(n - l)a„} ® {/i„,o, • ■ • , fo„,m*-i}) 
={0,6 v ,...,(n- 1)6„} 

ffi ({0, 1, 2, . . . , b v - 1} © {nb v ,nb v + 1, . . . ,nb v + (b v - 1)}© 

• • • © {(to* — M n i (to* — &«)n + 1, . . . , (to* — &.„)n + &„ — 1}) 
={0, &„, . . . , (n - l)b v } ® {0, 1, 2, ... , b v - 1} 

ffi {0, &„,..., (n — ® {nb v ,nb v + 1, . . . , n&„ + (6„ - 1)} 

© . . . 

©{OA, •••,(»- !)M 

{(to* — 6„)n, (to* — &„)n + 1, . . . , (m* — b v )n + b v — 1} 
={0, 1, . . . , n6„ — 1} ffi {nb v , nb v + 1, . . . , 2^6^ — 1} 

ffi • • • ffi {n(m* - b v ),n(m* - b v ) + 1, . . . , nm* - 1} 
={0,l,...,m*n- 1} 

Figure 1. Computation of HT„(Sym n_1 r ® Indg F 0) 



Next, we address point 2. Let t> € iS ss . The assumption that L' contains L 
means that the representations p x and p x > are both GL„ m » (O)-conjugate to direct 
sums of characters, and the other assumptions on L' ensure that these characters 
are all crystalline. The Hodge- Tate weights of these characters with respect to any 
embedding i : L' <—l Q; are determined by the restriction of i to L, so we may 
think of each character as having two Hodge- Tate weights in the obvious way. For 
both p x and p X ', the set of ordered pairs of Hodge- Tate weights, running over all 
the characters, is exactly the set of ordered pairs of non- negative integers with sum 
nm* — 1 (this follows from the calculations establishing points 6 and 7). Since 
two crystalline characters with the same Hodge- Tate weights must differ by an 
unramified twist, the result follows from Corollary 13.4.41 

Step 7: Establishing the big image/avoid properties. All that remains is to 
prove the big image and avoiding Q properties; that is, point (3). We will just show 
the stated properties concerning Ind^ 0'; the statement for Ind^ 9 then follow 
since 9 and 9' are congruent. 

Let r be a continuous ^-adic Galois representation with m*-big image, such that 
the following properties hold: 

• r is ramified only at primes of T and above I, and 

• we have F kclf (Ci) C . 

We may now apply Lemma 14.1.21 Applying part 2 of that Lemma will give that 
(r ffi Indg^ f 9 / )\c F(X[) has big image, (the first part of point (3) to be proved) and 
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applying part 1 will give the fact that we avoid Q (the second part of point (3)). 
All that remains is to check the hypotheses of Lemma 14.1.21 

The fact that M is linearly disjoint from F ° rr (Cz) (common to both parts) comes 
from the fact that F c "(0)c F< bad ) and M was chosen to be linearly disjoint from 

J?(bad) _ 

We turn now to the particular hypotheses of the second part. That t\g f ^ 3 
has w*-big image is by assumption. The properties we require of q follow directly 
from the bullet points established in Step 3, the properties of r just above, and 
the first and last bullet points (concerning 9'9' c and #0'(/q) respectively) in the 
list of properties of 9' given immediately after 9' is introduced in step 5. The fact 
that (9')(9') c can be extended to Gf comes from the fact that it is a power of the 
cyclotomic character. □ 

Finally, we will prove that, when we have applied this lemma, it is in fact possible 
to strengthen point 2 a little. 

Lemma 4.2.5. Suppose that we are in the situation of Lemma \4-2.4\ and suppose 
that v, L, L' ,XtX' t a i are as ^ n point (2) of that Lemma. Using a-standard 

bases, we can consider Ind G ^" x as a representation r x : Gf„ ~> GL2(0), and do 
the same for r x > . 

Suppose further that r,r' : Gf„ — > GL2(0) are Galois representations, and that 
there is a matrix A G GL2(0) such that r = Ar x A~ 1 , r' = Ar X 'A~ l . Let 

p r = (Sym"- 1 r)| Gi( ®(Indg- 6)\ GLn 
and Pr > = (Sym"-V)| GL , ® (Indg^ 9')\ Gl ,. 

We have a given basis of r, from which we inherit a basis on Sym n_1 r using 
Definition \3.3.l[ we have the t— standard basis on Ind G ^ 9; and thus we inherit a 
natural basis on p r and can consider it as a representation into GL nm *(0). The 
same is true of /v . 

Then p r and p r * are congruent, and moreover p r ~ p r > in the sense of Definition 

Proof. The matrix A gives rise to a matrix A n :— Sym™" 1 A, and (abbreviating 
Sym n_1 r as r n , Sym n-1 r' as r' n , Sym™ -1 r x as r x n and Sym n_1 r x / as r x ' }U ), 

Tn ^n^*X: n ^Ti ' A n r x ' n A n . 

Then we can define an element B of GL„ m » (0) by putting B := A n <E) id, and see 
that p r — Bp x B~ x (where p x is as defined in point (2) of lemma 14.2.41) ; similarly 
p r ,=Bp x ,B-\ 

Since point (2) of Lemma 14.2.41 tells us p x — p x ,, we have: 

p r = Bp x B-i = B Px ,B-i = p,,. 

Moreover, since p x ~ p x > (again from point (2)), we can deduce that 

p r = Bp x B~ x ~ Bp X 'B~ l = p r ' 

(since conjugation by B defines a natural isomorphism between the lifting problems 
for p x and for Bp x B~ x , and hence a natural isomorphism between all the relevant 
universal lifting rings), as required. □ 
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5. Twisting and untwisting 

5.1. Twisting. In this section we establish some basic results about automorphic 
induction and Galois representations, which are presumably well-known but for 
which we lack a reference. If K is a number field, we say that an automorphic 
representation 7r of GL„(A^) is regular if 7r„ is regular for all u|oo, in the sense 
of section 7 of }BLGHT09] . We caution the reader that while "regular algebraic" 
(which is also defined in section 7 of [BLGHT09 ) implies "regular" , the two notions 
are not equivalent. 

Lemma 5.1.1. Suppose that L/K is a cyclic extension of number fields. Let k 
be a generator of Gal(L/K) v . Let tt be a cuspidal automorphic representation of 
GL„(Ak), and suppose that -k p= tt ® {n l o Artx o det) for any 1 < i < [L : K] — 1. 
Then there is a cuspidal automorphic representation II o/GL„(Ai) such that for 
all places w of L lying over a place v of K we have 

vec(H w ) = Yec(n v )\w Lw - 

Proof. By induction on [L : K] we may reduce to the case that L/K is cyclic of 
prime degree. The result then follows from Theorems 3.4.2 and 3.5.1 of AC89 , 
together with Lemma VII. 2. 6 of |HT01] and the main result of |Clo82j . □ 

We will write BC l / k (tt) for II. 

Lemma 5.1.2. Suppose that L/K is a cyclic extension of number fields of degree 
m. Let 7r be a regular cuspidal automorphic representation o/GL„(Ai). Let a be 
a generator of Gal(L / K) . Assume that 7r ^ Tr a for any 1 < i < m — 1. Suppose 
further that Ind L °° iToo (the local automorphic induction) is regular. Then there is 
a regular cuspidal automorphic representation II of GL mn (A^-) such that for all 
places v of K we have 

(5.1.1) rec(n„) = e^Indj^ rec^) 

(the sum being over places w of L dividing v). 

Proof. The case that m is prime follows from Theorem 3.5.1 and Lemma 3.6.4 of 
|AC89j . together with Lemma VII. 2. 6 of [HTOlj and the main result of |Clo82j (the 
assumption that Ind^°° tTqc is regular is of course equivalent to the statement that II 
is regular). For the general case we use induction. Suppose that L D L2 D L\ D K 
with L2/L1 cyclic of prime degree, and suppose that we have found a regular 
cuspidal automorphic representation IIl 2 of GL[ £:i2 ]„(Ai 2 ) satisfying the analogue 

of (|5.1.1|) . The result will follow for L\ provided we know that IIi 2 9= 1 ' ^ or 
any 1 < i < [L2 '■ L{\ — 1; but if this fails to hold then it is easy to see that 

lnd LZ = Ind (LT)oc( Ind i L o! )o ° 71-00 ) = ^dcL^oJn^oc 

cannot be regular, a contradiction. □ 
We will write Indf^ tt for II. 

Let F be a totally real held and let M be an imaginary CM held which is a 
cyclic Galois extension of F of degree m. Fix l : Q ; ^> C. Let tt be an RAESDC 
automorphic representation of GL„(Af), and let \ be an algebraic character of 
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M x \A^ f , chosen so that the Galois representation Ind G ^ r/ )t (x) is essentially self- 
dual. Then the Galois representation 

n, t (7r) ® Indg^ n l4 (x) : G F -> GL nm (Q,) 

is also essentially-self dual. We have the following result. 

Proposition 5.1.3. Assume that 

TToo M Ind^ Xoo 

is regular; equivalently, rj |t (7r) ® Ind G ^ n,f.(x) * s regular. Assume also that if k 
is a generator of Gal(M/F) v , then it j£ it <E> (k 1 o Art^odet) for any 1 < i < 
[ill : F] — 1. TTien i/ie representation ri^iji) <£) Ind G ^ is automorphic. More 

precisely, there is an RAESDC automorphic representation II of GL nm (Kp) with 
n,t(n) = n. t (7r) ® Ind G ^ H, (,(%)■ -fn fact, fa r every place v of F, we have 

rec(n„| • = ^(^1 • l^")/ 2 ) ® (e H „Ind^ M rec( X „)) 

^t/ie sum feeing over places w of M dividing v). 

Proof. It is enough to prove that there is a regular cuspidal automorphic repre- 
sentation II of GL mn (Ap) satisfying the final assertion (II is then algebraic by the 
conditions at the infinite places, and is automatically essentially self-dual by the 
strong multiplicity one theorem and the conditions at the finite places, and thus 
has a Galois representation n, t (II) associated to it, which satisfies the required 
condition by the Tchebotarev density theorem). 

By Lemma 15.1.11 and Lemma 15.1.21 we have a regular cuspidal automorphic rep- 
resentation 

n := (IndUBC M/F (ir\ ■ \^)' 2 ) ® x ))\ ■ \i™-i)/2 

(note that BC m/f (tt\ ■ p"™)/ 2 ) <g> x satisfies the hypotheses of Lemma [5T2] by the 
assumption that ir^ M Ind^J^ \oo is regular). By definition this choice of LI satisfies 

rec(n,| • p-™")/ 2 ) = ffi H „I n d£(recK| ■ \ {1 ~ n)/2 )\w Ma ® rec( Xtu )) 
for each place v of F, and the result follows. □ 

5.2. Untwisting. In this section we explain a kind of converse to Proposition l5 . 1 .31 
following an idea of Harris ( Har07 , although our exposition is extremely similar 
to that found in the proof of Theorems 7.5 and 7.6 of |BLGHT09j ). 

Suppose that F is a totally real field and that M is an imaginary CM field which 
is a cyclic extension of F of degree m. Suppose that 9 is an algebraic character of 
M X \A^ I and that LI is a RAESDC representation of GL mra (A^) for some n. Let 

Proposition 5.2.1. Assume that there is a continuous irreducible representation 
r : Gf — > GL„(Q;) such that t\q m is irreducible and 

rj, t (n) £* r ® Indg^ n, t (0). 

Then r is automorphic. 
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Proof. Let a denote a generator of Gal(M/F), and k a generator of Gal(M / F) y . 
Then we have 

H,t(n ®(ko Artf ° det)) = n,i(n) ® ° Artf) 

= r ® (r i>t (K o Art F ) Indgf r z , 4 (0)) 



= reslndg' (n, t (/so Art F )| GM <8 rj, t (0)) 



S*r<8>In<lg* 

= »v(n), 

so that LT (g) (/c o Artjr o det) = II. 

We claim that for each intermediate field M D N D F there is a regular cuspidal 
automorphic representation IIjv of GL„rj^.jyi such that 

IIjv <8> (k o Art at o det) = ILv 

and BCn/f (H) is equivalent to 

Ilyv H3 II^Y 53 • • • E3 Iljy 

in the sense that for all places v of JV, the base change from i^ip to jV„ of ILj| F is 

[iV:F] — 1 

iijv,u ffl ffl • • • ffl n a Nv 

We prove this claim by induction on [N : F]. Suppose that M D Mi D M\ D F 
with M2 /Mi cyclic of prime degree, and that we have already proved the result for 
Mi. Since 

n Ml ®(ko Art Mi det) = U Ml 

we see from Theorems 3.4.2 and 3.5.1 of [AC89 (together with Lemma VII. 2. 6 
of |HT01j and the main result of |Clo82j ) that there is a cuspidal automorphic 
representation IIm 2 of GL n [M:M 2 ] such that BCm 2 /f{^) is equivalent to 

[M 2 :F] — 1 

Um 2 ffl n M2 ffl • • • a n Ma 

Since II is regular, LIm 2 is regular. The representation II m 2 ® (k o Artjvf 2 o det) 
satisfies the same properties (because II ® (k o Artpodet) = II), so we see (by 
strong multiplicity one for isobaric representations) that we must have 

n M2 ® (« ° Art Ma o det) = II M2 
for some < i < [M : M 2 ] - 1. If i > then 

_[M 2 :F] — 1 

iim 2 ffl n M2 ffl • • • ffl n M2 

cannot be regular (note that of course n is a character of finite order), a contradic- 
tion, so in fact we must have i = 0. Thus 



IIm 2 ®(ko Artjvf 2 det) = II 



and the claim follows. 

Let 7r := LIm- Note that the representations 7r CT for < i < m — 1 are pairwise 
non-isomorphic (because II is regular). Note also that it® | det |("-™ m )/ 2 j s regular 
algebraic (again, because II is regular algebraic). 
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Since II is RAESDC, there is an algebraic character x of F x \Ap such that 
Il v = H®(x°det). It follows (by strong multiplicity one for isobaric representations) 
that for some < i < m — lwe have 

tt v = n al ® (x o N M/F o det). 

Then we have 

TT £* (7T V ) V 

£* (tt ctS ® ( x o N M/F o det)) v 

^(Tr^gCx^oJVjf/jrodBt)) 

= 8) (x ^m/f ° det)) CT * ® (x^ 1 o Nm/f ° det)) 

so that either z = or i = m/2. We wish to rule out the former possibility. Assume 
for the sake of contradiction that 

7r v = tt ® (x o N M/F o det). 

Since F is totally real, there is an integer w such that x \ ' \ ~ w has finite image. Then 
tt\ det j 1 "' 2 has unitary central character, so is itself unitary. Since 7r®| det |(™-™ m )/ 2 
is regular algebraic, we see that for places v\oo of M the conditions of Lemma 7.1 
of [BLGHT09] are satisfied for tt v \ det |™^ 2 , so that 

7r„ ffl < = vr„ ffl ((tt„ (8 | det T/ 2 ) c ® (| • \~ w ' 2 o det)) 
S vr,, ffl {{tt v <g> | det r/ 2 ) v <g> (| • r™/ 2 o det)) 
= vr„ ffl « ® (| • o det)) 
^ 7^ ffl (tt„ ® ( x | • T lu o Nm/f ° det)) 
which contradicts the regularity of n„i F . Thus we have i = m/2, so that 

tt v = tt c ® (x o Nm/f det). 

Thus 7T (g) | det |(™-«™)/ 2 is a RAECSDC representation, so that we have a Galois 
representation n i( ,(7T(g) | det |(™-™ m )/ 2 ). The condition that BCm/f(II) is equivalent 
to 

7rffl7r CT ffl---ffl7r' Tm_1 

translates to the fact that 

r u (n)| GM S n, t (7r ® | det |(»-™™)/ 2 ) © . . . © © | det iC*™)/*)-™" 1 . 
By hypothesis, we also have 

riMGM = (r\ GM ®ru{0))®---®(r\ GM ®ru(9y m ~ 1 ). 
Since t\g m is irreducible, there must be an i such that 

r\c M = n^TT ® | det |(«-«™)/ 2 ) ® n tt {eY~\ 

so that r|c? M is automorphic. The result now follows from Lemmas 1.4 and 1.5 of 
|BLGHT09| . □ 
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6. Potential automorphy in weight 

6.1. In our final arguments, we will need to rely on certain potential automorphy 
results for symmetric powers of Galois representations with Hodge- Tate numbers 
{0, 1} at every place. The fact that such results are immediately available given 
the techniques in the literature is well known to the experts, but because we were 
unable to locate a reference which states the precise results we will need, we will 
give very brief derivations of them here. We hope that providing a written reference 
for these results may prove useful to other authors. 

Lemma 6.1.1. Suppose that I > 2{n — l)m + 1 is a prime; that k is an algebraic 
extension of F; ; that k' C k is a finite field and that H C GL„ (k) . Suppose that 

fc x Sym"- 1 GL 2 (fc') D H D Sym"" 1 SL 2 (fc') 

Then H is m-big. 

Proof. This may be deduced from Lemma 7.3 of [BLGHT09 as Corollary 2.5.4 of 
CHTQ8] is deduced from Lemma 2.5.2 of loc. cit. □ 

Lemma 6.1.2. Suppose that m is a positive integer, that k is an algebraic extension 
of¥i, that k' C k is a finite field and that that F is a totally real field. Suppose that 
I is a prime such that [F(Q) : F] > 2m, and that r : G&\(F / F) — > GL 2 (fc) has 

k x GL 2 (fc') D f(G F ) D SL 2 (k'). 
Then, for any n, [FkcradSym— 1 r ^ . ^koradSym— 1 fj > m ^ In part i cu i ar> ^ 
conclusion holds if I is unramified in F and I > 2m + 1 . 

Proof. We have 

PSL 2 (fe') C (adSym"- 1 f)(G F ) C PGL 2 (fc'), 

PGL 2 (/c')/ PSL 2 (fc') has order 2, and PSL 2 (fc') is simple. Thus the intersection of 
^.adSym"- 1 ? and hag degree at most 2 over F. Since [F(Q) : F] > 2m, the 

result follows (for the final part, note that if I is unramified in F then [F((i) : F] — 
1-1). □ 

Proposition 6.1.3. Let F be a totally real field, F( avold ) a finite extension of F, 
C a finite set of primes of F, n a positive integer, and I > 4(rt — 1) + 1 a prime 
which is unramified in F. Suppose that 

r:G F ^ GL 2 (Z ; ) 

is a continuous representation which is unramified at all but finitely many primes, 
and enjoys the following properties: 

(1) dctr = ej 1 . 

(2) f(Gp) D SL 2 (F;). 

(3) For each prime v\l of F, v\q p is crystalline for all t € Hom(_F, Qj), and 



we have 

dim^ gr 4 (r ® TfFv B dR ) GF " 
(4) C does not contain primes above I, and r is unramified at places in C 



1 i = 0, 1 

( otherwise ) 
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Then there is a Galois totally real extension F" of F, linearly disjoint from j?( avold ) 
over F such that (Sym n_1 r)\G F „ is automorphic of weight and level prime to I, 
and no prime of CD {v\v a prime of F, v\l} ramifies in F" . 

Proof. We will deduce this result from Theorem 7.5 of IBLGHT09] in the same 
way that Theorem 3.2 of jHSBTlOj is deduced from Theorem 3.1 of jHSBTlOj . 
following the proof of Theorem 3.2 of }HSBT10] very closely. Our argument is in 
fact simpler, because we need no longer maintain a Steinberg place, and so when 
we apply the Theorem of Moret-Bailly (Proposition 2.1 of HSBT10 ), we do not 
impose any local condition at auxiliary primes v q , v q ', unlike in |HSBT10] . Thus 
all arguments earlier on in the proof concerning these primes become unnecessary. 

In particular, we copy the argument up to the application of Proposition 2.1 of 
HSBT10 almost verbatim, with only the following changes: 

• The character ei det r is trivial, so the field F± is simply F, and in particular, 
F\ is linearly disjoint from F^ 016 ) over F. 

• Rather than choosing V > C(n),n, we take I' > 4(n — 1) + 1, /' > 5 and 
V$L. 

• When we choose Ei in the application of Proposition 2.1 of HSBT10 , we 
choose it to have good reduction at primes of C. 

• As mentioned above, we no longer impose any local condition at the primes 
Vq, v q ' since we no longer need the conclusion, after the application of Propo- 
sition 2.1 of [HSBT10 , that E has split multiplicative reduction at auxiliary 
primes v q , v q > . 

• In the application of Proposition 2.1 of HSBT10 , we may also assume that 
the field F' is linearly disjoint from i^( avold ) (this is easy, as Proposition 2.1 
of |HSBT10] allows us to avoid any fixed field.) We also impose a local 
condition to ask that F not ramify at primes of £; we must then check 
that we can find some elliptic curve whose mod IV cohomology agrees with 
H 1 (Ei x F, Z/Z'Z) x f when restricted to inertia at primes of C. E\ itself 
fills this role, all the representations involved being trivial in this case. 

As in [HS BT10] , the result of all this is the construction of an elliptic curve E over 
a finite Galois extension F 1 of F, which together have the following properties: 

• F' is linearly disjoint from i^( avold ) pkex{rxn) ^ w } iere f x j s ^he Galois repre- 
sentation H 1 (Ei x F, Z/Z'Z) attached to a certain elliptic curve E\ chosen 
earlier in the portion of the proof we followed from HSBT10 , as mentioned 
above. 

• In particular, since E\ was chosen such that Gf -» Aut H 1 (Ei x F, Z/Z'Z), 
we also have G F > ~» Aut H 1 (E 1 x F, Z/Z'Z). (Al) 

• F' is totally real. 

• All primes above IV and the primes of C are unramified in F' . 

• E has good reduction at all places above IV and the primes of C 

• H\E x F,Z/ZZ) = r\G F , 

• E has good ordinary reduction at V (note that V is unramified in F, that 
E has good reduction at V, and that its V torsion is isomorphic to the V 
torsion of E\, which was chosen to be ordinary at V). (A2) 
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We then apply Theorem 7.5 of |BLGHT09j 5 to the Galois representation Sym" -1 H 1 
F, Z;/), which we will call r' n for brevity. Let us check the conditions of this theorem 
in turn. We have two unnumbered conditions: first that r' n is almost everywhere 
unramified (which is obvious, as it comes from geometry), and second that there 
is a perfect, Galois equivariant, pairing on r' n towards Z/(/i), for some character /j, 
(such a pairing on H 1 (E x F, Z;<) is furnished by Poincare duality, going towards 
Z/(— 1); thus we get such a pairing on r' n with n, = e]~ n ). Now we address the 
numbered conditions: 

1: The sign of [i on complex conjugations agrees with the parity of the pairing. 
Poincare duality on H 1 (E x F, Zc) will be an alternating pairing, so the 
pairing on r' n will satisfy (u, v) = (— l) 1_n (w,u) and fi — e]~ n is (— l) 1_n 
on complex conjugations. 
2: We have [F kor ad f « (Q) : F keTadF '«) > 2. We can use the fact that the Galois 
representation on the I' torsion of E is surjective (since it agrees with the 
action on the V torsion of E±, and using point (Al) above), and Lemma 
ETUI (using the fact that V > 5). 
3: We have that r' n (G F ^) is 2-big. Again we use the fact that the Galois 
representation on the I' torsion of E is surjective, this time together with 
the simplicity of PSL2(fc), and Lemma [6.1.11 (using V > 4(n — 1) + 1). 
4: r' n is ordinary of regular weight. This is immediate given point (A2) above. 

We immediately deduce that there exists an extension F" /F', with Sym™ -1 H 1 (Ex 
F, Zc)|g „ automorphic of weight and level prime to I, and such that 

• F" jF is Galois. 

• Primes above I and I' are unramified in F", as are the primes of C. 

• F" is linearly disjoint from F^ vaid ^F'F keladf: F keladr n over F' (and hence 
linearly disjoint from ^(avoid)^koradr Qver p y ( A3 ) 

We now apply Theorem 5.2 of |Gue09j to the Galois representation Sym" -1 r\a „ , 
which we call r n for brevity. Let us check the conditions of this theorem in turn: 
1: r n \Q F „ is essentially self dual, r acquires a perfect symplectic pairing with 
cyclotomic multiplier from the determinant; from this r n \G F „ inherits a 
perfect pairing with the desired properties. 
2: r n \G F „ is almost everywhere unramified. This is trivial, since we assume r 
has this property. 

3: T n \G F „ is crystalline at each place above I. This too is trivial, since we 
assume r has this property (condition 3 of the theorem being proved). 

4: r n \a F „ is regular with Hodge-Tate weights lying in the Fontaine-Laffaillc 
range. It follows from condition 3 of the theorem being proved that the 
Hodge-Tate weights of r n \G F „ are {0, 1, . . . , n — 1}; this suffices, as I > n. 

5: j7 ,kcradr i does not contain Q. This follows by condition 2 of the theorem 
being proved, the fact I > 3, and point A3 above, using Lemma 16.1.21 

6: r n \G F „ ic j nas big image. This is true by condition 2 of the theorem being 
proved, the simplicity of PSL2(¥i), and point A3 above, as we can see by 
applying Lemma 16.1.11 



In fact, we need a slight extension incorporating a set of primes C where we do not want our 
extension to ramify, and a fixed field from which we want our extension to be linearly disjoint. 
Adding this is a routine modification of the proof of Theorem 6.3 of BLGHT09 , in the same 
spirit as the modifications above of the arguments of HS BTIO] , 
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7: f n is automorphic, with the right weight. We know r and H 1 (E x F, Zj) are 
congruent, and manifestly Sym™ -1 H 1 (E x F, Z;) has Hodge- Tate weights 
{0, 1, . . . , n — 1}, which is indeed the required weight as we saw in verifying 
hypothesis 4 above. 

We conclude that Sym™" 1 r is automorphic over F" of weight and level prime to 
I, as required. □ 

7. HlLBERT MODULAR FORMS 

7.1. Let 7r be a regular algebraic cuspidal automorphic representation of GL^A^), 
where F is a totally real field. Assume that ir is not of CM type. Let the weight of 
7r be A € (Z^.) 110 ™^'^. Let to* be the least common multiple of 2 and the values 
A„ i — A„ 2 + 1- Let n > 1 be a positive integer. Choose a prime Z > 5, and fix an 
isomorphism i : Q t C. We choose I so that: 

• I splits completely in F. 

• 7r„ is unramified for all v\l. 

• The residual representation fj )t (7r) : Gf — > GL2(F;) has large image, in the 
sense that there are finite fields F; C k C k' with 

SL 2 (fc) C fu{n)(G F ) C k' x GL 2 (fc). 

(Note that this is automatically the case for all sufficiently large I by Propo- 
sition 0.1 of |Dim05j .) (Bl) 

• l>2(n- l)m* + 1. (B2) 

Note that, as a consequence of points Bl and B2, the simplicity of PSL2(F;), and 
Lemmas 16.1.11 and 16.1.21 it follows that: 

• Sym™" 1 n, t (7r) has m*-big image. (B3) 

u J^kcradSym" -1 ; ^"kcr ad Sym" " 1 fx,(>)j > m * 

Choose a solvable extension F'/F of totally real fields such that 

• I splits completely in F'. 

• F' is linearly disjoint from F ' ^ over F. 

• At each place w of F', ttf',w is either unramified or an unramified twist of 
the Steinberg representation (here we let itf' denote the base change of it 
to F'). 

• \F' : Q] is even. 

That such an extension exists follows exactly as in the proof of Theorem 3.5.5 of 
|Kis09] . After a further quadratic base change if necessary, we may also assume 
that 

• TTp/ is ramified at an even number of places. 

Proposition 7.1.1. There is a cuspidal algebraic automorphic representation ir' 
o/GL2(Aj?') such that 

(1) 7r' has weight 0. 

(2) hA*')=nA*)\G F ,. 

(3) if w \ I is a place of F' , then ir' w is ramified if and only if ttf',w * s ; vn which 
case it is also an unramified twist of the Steinberg representation. 

(4) 7 'i,i( 7: ')\g f ,, is potentially Barsotti-Tate for all v\l, and is ordinary if and 
only if ri tL (n)\Q F , is ordinary. 
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Proof. Choose a quaternion algebra B with centre F' which is ramified at precisely 
the infinite places and the set £ of finite places at which ttf' is ramified. We 
will use Lemma 3.1.4 of |Kis09j and the Jacquet-Langlands correspondence to find 
7r'. Let v G X and let p be an irreducible representation of B x corresponding 
to the irreducible admissible representation JL(p) of GL 2 (_F^) under the Jacquet- 
Langlands correspondence. We recall that p B - v is non-zero if and only if 3L{p) 
is an unramified twist of the Steinberg representation. We now introduce Z-adic 
automorphic forms on B x . Let K be a finite extension of Qi inside (Q/ with ring 
of integers O and residue field k, and assume that K contains the images of all 
embeddings F' '-t Q;. Fix a maximal order Ob in B and for each finite place v g" £ 
of F' fix an isomorphism i v : Ob.v — * M2(0f'). Since Z splits completely in i 7 ", 
we can and do identify embeddings F' Q ; with primes of f ' dividing i. For each 
place v|£ we let denote the real place of F' corresponding to the embedding lov. 
Similarly, if a : F' <— » M is an embedding we let i~ x o~ denote the corresponding 
place of F' dividing I. 

For each A' € (Z+) Hom ( F and u|i consider the algebraic representation 

W K := Sym A »4- A k2 O 2 ® a (dct) A ^ 

of GL 2 (0). We consider it as a representation of v via 0^ „ -^-> GL 2 (0^) 
GL 2 (0). Let W\' = ® v \iW\> v considered as a representation of GL 2 (Of'j)- F° r 
each v\l let r„ denote a smooth representation of GL 2 (0^ ) on a finite free O-module 
W Tv . Let r denote the representation ® v \it v of GL 2 (0F',i) on VF T := ®„|iW T ^. We 
let Wx', T = W x > ®o W T . Suppose that ip' : (F') x \(Af,) x -> O x is a continuous 
character so that for each prime v\l, the action of the centre Op, of Og v on 
Wy v <E>o W Tv is given by (^') _1 le> x • The existence of such a character implies 
that there exists an integer w' such that w' — X' v 1 + X' v 2 + 1 for each 

Let U = Yl v U v C (B ®q A°°) x be a compact open subgroup with U v C O^ v 
for all v and t/„ = 0^ v for We let S\>, T ,^'{U, O) denote the space of functions 

f :B x \(B(g> Q A 00 ) x -»■ W v ,r 

with /M = (A' 7-)(ui) _1 /(ff) an d = ^'(z)f(g) for all u G (7, z G (A^,) x 

and g e (B (g) Q A°°) x . Writing U = U l xU h we let 

Sx>,rM u i>°) = ^Sx>,t,v{U 1 X Ui,G) 
u> 

and we let (£? Oq A'' oc ) x act on this space by right translation. 

Let ip' c : (F') X \A F , — > C x be the algebraic Hecke character defined by 

z ^ N^zoo) 1 - 1 "' • i (N F , /q ( Zl ) w '- V (*°°)) • 

Let W Ti c = W T <8>e>, t C. We have an isomorphism of (B ®q A i ' 00 ) x -modules 

(7.1.1) 5v, T ,^(^,O)®o, l C^>0Hom o x ! (W r s ; c ,nO(»n oo ' i 

n 

where the sum is over all automorphic representations II of (B ®q A) x of weight 
i*A' := (A'_ x ) CT G (Z^) Hom ^ ' C ) and central character ip' c (see for instance the 
proof of Lemma 1.3 of |Tay06| ). 
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Let U be as above and let R denote a finite set of places of F' containing all 
those places v where U v ^ Og v . Let T Sui? denote the polynomial algebra 0[T V , S v ] 
where v runs over all places of F' away from I, R and E. For such v we let T v and 
S v act on S\' ,T,ip' (U, O) via the double coset operators 



' 1 7; 1 1 



and 



; < 7; I, 



respectively, where ra„ is a uniformizer in 0pv . 

Let 7r denote the automorphic representation of (B ®q A) x of weight Af := 
(Ao-| F )(T G (Z^) Hom ( F ' C ) corresponding to 7rp' under the Jacquet-Langlands corre- 
spondence. Let i* A = ((A F 0^)« € (Z2_) Hom ( F '^). Let 17 = JX, ^ C (B ®q A°°) x 
be the compact open subgroup with U v = Og for all v. Then the space tt u 

is non-zero. Let x '■ Gf?, — > Q* denote the character e det r; )( , (71") | <3 F , and let 
V> = X° Artj?' : A^,/(^)>o(^') x Qi- Note that X is totally even and hence we 
may regard ip as a character of (Af,) x /(F') X -A- A X ,/(F^) X (F') x . Extending if 
if necessary, we can and do assume that ip is valued in O x . Further extending K if 
necessary, choose a T Euii -eigenform / in Sx,i,ip(U,0) corresponding to an element 
of (tt 00 ) 17 under the isomorphism (|7.1.1[) . The T -^-eigenvalues on / give rise to 
an O-algebra homomorphism T Su - R — > O and reducing this modulo mo gives rise 
to a maximal ideal m of T Euii . 

Let x '■ Gp, — > O x denote the Teichmiiller lift of the reduction of x- Let 
V J ' = X° ArtF'i which we can regard as a character (A F D ,) X / (F') x — > O x . Let v be 
a place of F' dividing I. 

• If n jt (7r)|G F , is ordinary and t*A„,i ^ i*\ v ,2, let Xi,X2 ■ F* -> Q* be the 

characters given by Xi( x ) = x L A " 1 and X2(^) = x L A "- 2 where x denotes 
the Teichmiiller lift of x. Then let t v denote the representation 

7(Xi,X2):=Ind^ F 2 i ( ) F!) (xi®X2) 

of GL 2 (F;) where B is the Borel subgroup of upper triangular matrices in 
GL 2 . 

• If ri tU {-K)\a F , is ordinary and i*\ v ,\ — t*X v ,2, let x : F* — » Q x be the char- 
acter x( x ) = 2?' A "' 2 - Let T v denote the representation x ° det of GL 2 (F;). 

• If ri, L (Tr)\c F , is not ordinary, let x : F ( 2 — > Q x 2 be the character given by 
x(x) = x t * A ".i- t * A -2+2+((+i)(<*A l ,, 2 -i)_ Let Tv be the Q rrep resentation of 
GL 2 (F ; ) denoted 9(x) in section 3 of |CDT99j (note that x l ^ X since 
< t*A t)) i - t*A l) , 2 + 2 < Z+l )■ 

Extending if if necessary, we can and do fix a model for t v on a finite free O-module 
W Tv . We also view W T „ as a smooth [/„ = Og ^-module via U v — ^ GL 2 (0^) — — > 
GL 2 (Z ; ) -» GL 2 (F ( ). By Lemma 3.1.1 of |CDT99j . W A „ ®o fe is a Jordan-Holder 
constituent of W T „ ®ok. 

It follows that W,\®0fc is a Jordan-Holder constituent of the [/(-module W T (g>e>&;. 
Also, since / > 3 and I is unramified in F', B x contains no elements of exact order 
I and hence the group U satisfies hypothesis 3.1.2 of [Kis09 (with I replacing p). 
We can therefore apply Lemma 3.1.4 of |Kis09| to deduce that m is in the sup- 
port of So,t,iIj'(U, O). Let n' denote the automorphic representation of (B (E)q A) x 
corresponding to any non-zero T Sufl -eigenform in Sq jT) ^/(?7, 0) m ®o,t C under the 
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isomorphism (|7.1.1[) . Let tt' be the automorphic representation of GLi2(Af') cor- 
responding to II' under the Jacquet-Langlands correspondence. Then tt' is regular 
algebraic and of weight by construction. The choice of m ensures that property 
(2) of the theorem holds and hence that tt' is cuspidal. Property (3) holds by the 
choice of U. 

It remains to show that tt' satisfies property (4) . Let v be a place of F' dividing 
I and suppose firstly that r; it (7r)|<3 F/ is non-ordinary. Then by the choice of t v 
and part (3) of Lemma 4.2.4 of [CDT99] we see that ri iL {ir')\G „, is potentially 
Barsotti-Tate and moreover 

WD(r ; , t (7r )\ Gf ,)\i f , = oj 2 ®w 2 

where w 2 is a fundamental character of niveau 2. We deduce that r/_ t (-7r')| GF , 
only becomes Barsotti-Tate over a non-abelian extension of Gp* and hence is non- 
ordinary. Now suppose that ri }ti (ix)\G F , is ordinary. Then by the choice of t v and 
parts (1) and (2) of Lemma 4.2.4 of |CDT99j we see that ri }L (ir')\G F , is potentially 
Barsotti-Tate and moreover 

WD(n, 4 (7r / )| G ,,)|j,, =^j- l ' x ^ 1 ®^-'" K - 2 

where lu is the mod I cyclotomic character. Since ri tL (jr)\G F , is reducible, it follows 
from Theorem 6.11(3) of |Sav05j that n jt (7r')|G F/ is either decomposable (in which 
case it is easy to see that it must be ordinary), or it corresponds to a potentially crys- 
talline representation as in Proposition 2.17 of [Sav05| . with vi(x\) = 1 or vi(x2) = 1 
(because if neither of these hold, then by Theorem 6.11(3) of [Sav05j the represen- 
tation ri^(Tr')\G F , — n,t(7i")|G F , would be irreducible, a contradiction). In cither 
case the representation is ordinary (for example by Lemma 2.2 of BLGHT09 ). □ 

We would like to thank Richard Taylor for pointing out the following lemma to 

us. 

Lemma 7.1.2. Let F be a totally real field, and let it be a RAESDC representation 
of GL„(Ai?) . Let I be a prime number, and fix an isomorphism i : Q ; — > C. Suppose 
that for some place v \ I of F, the Galois representation ri^(n)\G Fv is pure. Then 
we have 

WD(n, t (7r)| GF J F — = r 1 (rec(ir v ) (g> | Art^ 1 |^ n)/2 ), 
where WD(r; it (7r)|G^ ) denotes the Weil-Deligne representation associated to ri^(n)\G f 

Proof. By Theorem 1.1 of [BLGHTC^, the claimed equality holds on the Weil group 
(but we do not necessarily know that the monodromy is the same on each side). 
However, n v is generic (because n is cuspidal) and rec _1 (WD(r; )t (7r)|G F ^ ) F_;5S ) 
is also generic (because it is tempered, by Lemma 1.4(3) of |TY07j . and thus a 
subquotient of a unitary induction of a square-integrable representation of a Levi 
subgroup, by Theorem 2.3 of |B WOO] . Any such induction is irreducible (cf. page 
72 of |DKV84j ). and the result follows from Theorem 9.7 of |Zel80j .) The claimed 
equality follows (because a generic representation is determined by its supercuspidal 
support - this follows easily from the results of Zelevinsky recalled on page 36 of 
[HT01| L □ 

Theorem 7.1.3. Continue using the setup at the beginning of this section, and 
let tt' be as in Proposition \7.1.1\ Let N/F' be a finite extension of number fields. 
There is a finite Galois extension of totally real fields F" / F' such that 
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(1) F" is linearly disjoint from F ! '' (Q)N over F' . 

(2) There is a RAESDC automorphic representation n' n o/GL„(Af") of weight 
and level prime to I such that ri^(ir' n ) = Sym™ -1 rj )t (7r')|(3 „ . 

Proof. The central character of n' has finite order and is trivial at the infinite 
places, so we can choose a quadratic totally real extension F\ of F' linearly disjoint 

from NF kcinA ^\Q) (which we will henceforth call F( avoid )) over F', such that 
if -k' Fi = BCf 1 /p{k'), then u> Wp has a square root (note that the obstruction to 

taking a square root is in the 2-torsion of the Brauer group of F'). Say x 2 — w ir^, 
and write 7r" = tv' f ® (x _1 ° det). Making a further solvable base change (and 
keeping F\ linearly disjoint from i^( avold ) over F'), we may assume in addition that 
7r" has level prime to I (that this is possible follows from local-global compatibility 
and Proposition 17.1. lT 4) ) ■ 

Then choose a rational prime I' ^ I and an isomorphism t! : —> C such that: 

• 7r" is unramified for all v\V . 

• V is unramified in F\. 

• V > 4(n- 1) + 1. 

• I' splits completely in the field of coefficients of it" . 

• The residual representation fi'^'(n") : Gp 1 — > GL 2 (F//) has large image, in 
the sense that there are finite fields Fj/ C k C k' with 

SL 2 (fc) c n V /(7r") (GirJ c k' x GL 2 (fc). 

(Note that this is automatically the case for all sufficiently large I' by Propo- 
sition 0.1 of |Dim05j .) Coupled with the previous point, this in fact means 
that: 

SL 2 (F,0 C n,. L ,(TT")(G Fl ) c GL 2 (F,/). 
Since tt" has trivial central character, det r;/ jt /(7r") = ej -1 , and we can apply 
Proposition 16 . 1 .31 to find a Galois extension F2/F1, linearly disjoint from i^( avold ) 
over F', such that Sym™ -1 ri'y(jr") is automorphic over F 2 of weight 0. That it 
is in fact automorphic of level prime to I follows from Lemma 17.1.21 (note that 
Sym™ - ri' ! i'(%")\G F2 is pure, because n<. t '(7r") is pure, for example by the main 
result of |Bla06j . and Sym™^ 1 ri> tL >(-K")\G F2 is unramified at all places dividing I by 
the choice of F 2 ). Replacing F 2 by a further solvable base change, also disjoint from 

F (avoid) 

over F', if necessary, we may assume that x is unramified at all places of 
F2 lying over I. We are then done, taking F" = F2 (because Sym™ -1 ri> ^>(it')\g F2 — 
ri',4x) n - 1 \G F2 ®Sym n - l ri,, L ,(n")\ Gp2 ). ' □ 

Theorem 7.1.4. Let F be a totally real field, and let n be a non-CM regular 
algebraic cuspidal automorphic representation o/GL 2 (Af). Then there is a prime 
I, an isomorphism Q; ^> C, a finite Galois extension of totally real fields F" / F 
and an RAESDC automorphic representation 7r„ o/GL„(Ap") such that n, t (7r„) = 

Proof. We continue to use the notation established above, and in particular we will 
fix I and 1 as above, and make use of F' and it'. F" will be as in the conclusion 
of Theorem I7.1.3[ which we will apply with a particular choice of field AT, to be 
determined below. We can and do assume that ri^(n) and ri^(n') both take values 
in GL„(C) where O is the ring of integers in a finite extension K of Qi inside Q t . 
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Let k denote the residue field of K. We can and do further assume that ri >t (ir)\G p j 
and n,t(7r') are equal (as homomorphisms) when composed with the natural map 
GL„(C) — > GL n (k). Write fi ti (Tr)\G pl = *v(i"') for this composition. 

We write r = Sym™ -1 ri^(n)\G F , and r' = Sym™ -1 ri tl ,(n'), thought of as repre- 
sentations valued in GL„(0) via the bases specified in Definition 13.3.11 We begin 
by applying Lemma 14.2.41 in the following situation (where the field F of Lemma 
1423] is F'): 

• S'ord is the set of places of F' dividing / lying over a place for which 7r is 
ordinary with respect to i. 

• For each v\l, thought of as an embedding F' Qj, a v = —\ LOV \ F ,2 an d 

• T is the set of places away from I at which it is ramified. 

• (F') (bad) =F keIf (0). 

We deduce that (after possibly extending K) there is a CM extension M of F 1 of 
degree m* , and de Rham characters 

6,6' :G AI ^O x , 

satisfying various properties that we will now describe. We can fix an element 

G i 

f € Gpi mapping to a generator r e Gal(Af/F'), and we regard Ind^ f ' 6 and 

G i 

Ind G f" 6' as representations valued in GL m » (O) via their f-standard bases (3 — 
{eo, . . . , e m ._i} and j3' = {e' , . . . , e' m ,_ 1 } respectively, in the sense of Definition 
14.2.31 Note that these two representations become equal when composed with the 
homomorphism GL m * (O) — > GL m *(fc). Then, by the conclusions of Lemma 14.2.41 
the following hold: 

• 6 = 6'. 

• (r ® Ind^ f ' 6)\ Gf , {C0 has big image. 

7=r(kcr ad(r®Ind„ F 8)) , , , . >. 

• r g m does not contain Q. 

• r ® Ind^* - ' and r' ® Ind2 F ' 6*' are both de Rham, and have the same 

Gm Gm ' 

Hodge- Tate weights at each place of F' dividing I. 

• r := r ® I n d G F is essentially self-dual; that is, there is a character 

X : Gf' Q* with x(ci,) independent of v\oo (where c v denotes a complex 
conjugation at v) such that (r") v = r"x- 

G ! 

• Indgi^ 6*' is essentially self-dual. 

Applying Theorem 17X31 with N = M kcl ' e , we find a totally real field F"/F' with 
r'\G F „ automorphic of level prime to I. By Proposition 15.1.31 the representation 

(r' ® Ind G p ' 6')\g f ,, is automorphic. We now choose a solvable extension F + /F" 
of totally real fields such that 

• F + is linearly disjoint from ^ kcradr (Q)M over F' . 

• t"\g f+ ={r® Ind G ^' 0)\ Gp+ and (r' ® Ind^' 6>')|g f+ are both crystalline 
at all places dividing Z. 

G / 

• (r ® Ind G F ' )|g + is automorphic of level prime to I (note that r'|G F „ is 
automorphic of level prime to I , so this is easily achieved by Lemma 15.1.11 
and Proposition 15.1.3]) . 

• The extension F + M/F + is unramified at all finite places, and is split com- 
pletely at all places of F + lying over places in T. 
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• &\g f+m and 0'\g f+u are both unramified at all places not dividing I. 

• If v\l is a place of F + , then F^ contains the unramified quadratic extension 
of Fl, and f"\ G + is trivial. 

Write p := r"\ Gp+ = (r ® Indg^' 0)| Gf+ , p' := (r' ® Indg*' 0')Ig p+ : G F+ -> 
GL ram *(C), so that p' is automorphic of level prime to I. 

Sublemma. For each place w\l of F + , p\ G + ~ p'\g + ■ 

Proof. If it) lies over a place of S'ord, this follows from Lemma \'S. 4.51 Otherwise, w 
lies over a place v in S^. Let L be the unramified quadratic extension of in 

i* 1 ^. Then f~i tb (-K)\ GF , — I^gI" A 7 f° r some character x '■ Gl — > fc x (see for example 
Theoreme 3.2.1(1) of |BerlO] ). We can and do (after possibly extending K) choose 
a crystalline lift x '■ Gl — > O x oix with Hodge- Tate weights — a v and b v — a v (recall 
that I splits completely in F'). We can also (again, extending K if necessary) choose 
a de Rham character x' '■ Gl — >• C x lifting % with Hodge- Tate weights and 1, 
which becomes crystalline over F+ (we can do this by the assumption that r"\ G + 

is trivial). 

Choose an element a € Gpi mapping to a generator of Gal(L/F^), and fix 

G / G / 

the cr-standard (in the sense of Definition 14.2.31) bases of Ind Gi " x i Indg " x' •> 
Sym" -1 Ind G ^ x, and Sym"" 1 Ind G ^ x'- 

G / 

Choose a matrix A G GL n (C) with A(Ind G v x)A~ l = ri. t (7r)|<3 , , and write 

G / 

r x = A(Ind G ° x)^ _1 - We have r x ~ Ti tL {ir)\ GFl i because both liftings are crys- 
talline of the same weight, F v is unramified, and the common weight is in the 
Fontaine-Laffaille range (see e.g. Lemma 2.4.1 of CHT08] which shows that the 
appropriate lifting ring is formally smooth over O). Then by the remarks fol- 
lowing Definition 13.3.51 we have (r x )| G ^ + ~ n,i.(7r)|G F+ , and Sym" _1 (r x )| G ^ + ~ 

Sym™ -1 ri^{ir)\G f+ , so that (with the inherited bases) 
(Sym"- 1 ^)^) ® (Indg£ 6)\ G ^ ~ (Sym™" 1 n, t (7r)| G ^) ® (Indg*' fl)| G ^. 

G / 

Similarly, write r x > — A(lnd GL " x')^ 1 - Then r x >\ G ^ + ~ n )t .(7r')|Gf + , because 
both representations are Barsotti-Tate and non-ordinary (see Proposition 2.3 of 
|Gee06j which shows that all non-ordinary points lie on the same component of the 
appropriate lifting ring). Then Sym™ _1 (r x /)| G ^ + ~ Sym n_1 n^(7r')| G ^ + , and 

(Sym"- 1 ^)!^)® (Ind^' 0')|g f + ~ (Sym"" 1 H>')|g f + ) ® (Indg*' #)\ G ^. 
By Lemma \A. 2. 51 we have 

(Sym^^Olc^) ® M&' 0')Ig f + ~ (Sym^ 1 (r x )\ G ^ ) ® (Indg*' 0)|g f +. 
Since 

P |G Fi = (Sym n - 1 r Ilt (7r)|o^) ® (Indg*' 0)\ G ^, 

p>\ Gpi = (Sym^rvCTrOlG^)® (Indg*' 0')Ig f +, 
the result follows from the transitivity of ~. □ 
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For v a place of F + , let i?5 G denote the universal 0-lifting ring of p\g +■ 

Extending O if necessary, we can and do assume that if v is such that at least one p 
or p' is ramihed at v, then for each minimal prime ideal p of FlS , the quotient 

i?S /p is geometrically integral. 

Sublemma. For all places v \ I of i* 1-1- , either 

• p\g f+ and p'|g f+ are both unramified, or 

• each of the following conditions hold: 

_ p'\g f+ -^o p\g f+ (see Definition 13. 3.7|) . 

- p\g f + p'\g f +, and 

— the similitude characters of p and p' agree on inertia at v. 

Proof. If v does not lie over a place in T then there is nothing to prove, so we 
may suppose that v lies over a place of T. The condition on similitude characters 
is immediate since p and p' are both unipotent on inertia at v. Let us then turn 
to checking the condition that p'\g + ~"*e> p\g f+ - By assumption, condition (1) 
in Definition 13.3.71 is satisfied so we just need to check condition (2). Let p v — 
n.t(i")|G + and p' v = n.t(i"')lG +■ Then p v and p' v are both lifts of the same 
reduction p v : G F + — > GL2(fc). It follows easily from Corollary 2.6.7 of |Kis09] 
that there is a quotient iip* of i?? corresponding to lifts which are extensions of 
an unramified character 7 by 7c, and furthermore that the ring i2p* is an integral 
domain of dimension 5. Let p^ denote the universal lift to Then p v and p' v 

arise as specialisations of this lift at closed points of [1//]; let us call these points 
x and x 1 . 

Note that (Ind^ ; ' 9)\ Gp + = ^to^k^i and similarly (Indg-' d')\ G ^ = 
©S=o~ 1 ( 6 '' T iG F+ )e-. For i = 0,...,m* - 1, let Q l : G F + -> O x denote the Te- 

ichmiiller lift of 9 \ G + . If R is an object of Co and r G i? x , we let A(r) : G F + — > 
R x denote the unramified character sending Frob F + to r. 
Let R = i?° and let 5" = [[X , . . . , X m *_" x ]]. The lift 

°f p|g + gives rise to a map SpecS* — > Speci?. Since S is a domain, the image of 
this map must be contained in an irreducible component of Spec R. We deduce that 
p\g f+ and p'\g f+ are contained in a common irreducible component of Spec i?[l/Z]. 

To prove that x' is contained in a unique irreducible component, it then suffices 
to prove that x' is a smooth point of Speci? [1/7]. Since the completed local ring R^, 
at x' is the universal if -lifting ring of (p'\ G + ) ®o a standard argument shows 

that R£, is smooth if H 2 (G F + , ad p'\g f+ ) = 0. By Tate local duality, it suffices to 
show that H° (G F +, ad p'\g f+ (I)) = 0, i.e. that Hom Gj?+ (p / |G F+ , p'\g f+ (1)) = 0. 

Let St„ denote the n-dimensional representation of G F + corresponding to the 
Steinberg representation. Then p'\g + is GL„(if )-conjugate to an unramified twist 
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Of 

We may therefore assume that p'\g f+ is equal to this representation. It is easy to 

check (for example by considering the corresponding Weil-Deligne representation) 
that the representation St^ contains a unique j-dimensional subrepresentation for 
each j. Then a nonzero element of Home + (p'\g + , p'\g + (1)) would have to give 

a non-zero map from the unique j-dimensional quotient of St„ ®0 lT \q + to the 

unique j-dimensional subrepresentation of St„ ®9 lT (1)|g + for some i, i' and j. 

This implies that (6>' r /8' T )\q + is a nonzero power of the cyclotomic character, 

which is impossible, because 9 ,T /6 lT is a ratio of algebraic characters of the same 
weight, and is thus pure of weight 0. 

Finally, we can see that p\q + ~~+e> p'\g + using the same argument. □ 

By Theorem I3.6.2[ p is automorphic (the conditions on the image of ~p follow 
from Lemma 14.2.41 and the choice of F + , and the remaining conditions follow by 
construction and the two sublemmas just proved). Since F + /F" is solvable and 
P = t"\g f+ , r"\ G ,,„ is automorphic by Lemma 1.3 of |BLGHT09j . But r"\ GF „ = 

(Sym^ 1 rM)\ GF ,M^Z *)|g„, = (Sym"" 1 n, 4 W)| G ,„«)(Indg^;„ (6\ Gmf „ )), 
so by Proposition 15 .2 . ll (Sym ,l_1 ti_ l {t:))\g f ,, is automorphic, as required. □ 

Corollary 7.1.5. Suppose that F is a totally real field and that tt is a non-CM 
regular algebraic cuspidal automorphic representation of GL 2 (A^) of weight X, and 
let Wit be the common value of the numbers X v> i + \ V 2, v\oo. Suppose that n is a 
positive integer and that ip : F x \Ap — > C x is a finite order character. Then there 
is a meromorphic function L(Sym n_1 7r x ip, s) on the whole complex plane such 
that: 

• For any prime I and any isomorphism i : Q ; — > C we have i(Sym n_1 tt x 
4>, s) = LiiiSym' 1 - 1 ^(tt) ® n^)), s). 

• The expected functional equation holds between L(Sym n_1 7r x ip,s) and 
L(Sym"" 1 (7r v |det|- tu -) xip,l + (n - l)iw w - s). 

• If n > 1 or if) 7^ 1 then L(Sym" _1 7T X ip, s) is holomorphic and non-zero in 

> 1 + (n- l)w„/2. 

Proof. This follows from Theorem l7.1.41 as in the proof of Theorem 4.2 of [HSBT10] . 
We give the details. The L-function L(t(Sym™ -1 ri^ir) ® ri, L (ip)), s) is independent 
of the choice of I, t by definition, so it is enough to prove the result for the I, i fixed 
throughout this section. Let 7r n , F" be as in the conclusion of Theorem 17. 1.41 

We claim that rec(7r„^) = (Sym™ -1 rec(7r^))| w F „ f° r all places v of F". If 
v \ I, this follows from Lemma 17.1.21 and the purity of r\ . t (7r) (which follows 
from the main result of [Bla06 ). If v\l, then we choose a prime p ^ I and 
an isomorphism l' : Q p — > C. By the Tchebotarev density theorem we have 
fj>,4,'( 7r n) = (Sym™ -1 r p y (7t))|g f „ , and we may argue as before. 

By Lemma 1.3 of |BLGHT09j . for any intermediate field F C Fj C F" with 
F"/Fj soluble, there is an automorphic representation of GL n ( A^. ) with ri )t (7r J ') = 
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(Sym™ 1 n )i .(7r))|G J7 . ■ By Brauer's theorem, we can write 

1 = a J Ind G^. Xj 

j 

with dj € Z and : Gr — > C x a homomorphism. Then by the above discussion 
(applied to the representations it 3 ), we have 

L(i(Sym n - 1 ru(Tr) ® n, t (^)), s) = J| £(tt j ' <g> (xj o Art F . ) ® V. S P' ■ 

The result follows. □ 

We now deduce the Sato- Tate conjecture for ir, following the formulation of 
|Gee09j (see also section 8 of BLGHT09 ). Recall is the common value of the 
Au,i + A Uj2 , i>|oo. Let ifi be the product of the central character of rr with | • \ w ", 
so that ip has finite order. Let a denote the order of ip, and let U(2) a denote the 
subgroup of U(2) consisting of those matrices g € U(2) with det(<?) a = 1. Let 
U(2) a / ~ denote the set of conjugacy classes of U(2) a . By "the Haar measure on 
U(2) a / ~" we mean the push forward of the Haar measure on U(2) a with total 
measure 1. 

The Ramanujan conjecture is known to hold at all finite places of ir (see BbtlHij K 
so for all v for which n v is unramificd, the matrix (Nv)""'*'/ 2 rec(7r„)(Frob„) lies in 
U(2) a . Let [n v ] denote its conjugacy class in U(2) a / ~. 

Theorem 7.1.6. Suppose that F is a totally real field, and that it is a non-CM 
regular algebraic cuspidal automorphic representation of GL 2 (A F ). Then the classes 
[ir v ] are equidistributed with respect to the Haar measure on U(2) a / ~. 

Proof. This follows from Corollary 17.1.51 together with the corollary to Theorem 
I. A. 2 of |Ser68j (note that the irreducible representations of U(2) a are the repre- 
sentations det c <g> Sym d C 2 for < c < a, d > 0). □ 

This may be reformulated in a somewhat more explicit fashion as follows. Note 
that the space U(2) a J ~ is disconnected if a ^ 1, so that to make an explicit 
statement we choose a connected component, which amounts to choosing £ as in 
the statement below (of course, one may replace £ by — f , and it is only the choice 
of C, 2 which determines a component). 

Corollary 7.1.7. Suppose that F is a totally real field, and that it is a non-CM 
regular algebraic cuspidal automorphic representation of GL 2 (A F ). Let ip be the 
product of the central character of it with \ ■ \ w * , so that ip is a finite order character. 
Let £ be a root of unity with C, 2 in the image of ip. For any place v of F such that 
tt v is unramified, let t v denote the eigenvalue of the Hecke operator 

GL 2 (0 F j(^ JW 2 (0 F J 
(where w v is a uniformiser of Of„) on it^ 2 ^ Fv \ Note that if ip v {vo v ) = £ 2 then 

t„/(2(N^ 1+ffi -)/ 2 ()e[-l,i]ci 

Then as v ranges over the places of F with n v unramified and ip v {w v ) — C, 2 , the 
values t v /(2(NvY 1+w,T ^ 2 () are equidistributed in [—1, 1] with respect to the measure 
(2/iT)VT^t 1 dt. 
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